F04 — Simultaneous Linear Equations F04CHF

NAG Library Routine Document
F04CHF

Note: before using this routine, please read the Users” Note for your implementation to check the interpretation of bold italicised terms and
other implementation-dependent details.
1 Purpose

FO4CHF computes the solution to a complex system of linear equations AX = B, where A is an n by n
Hermitian matrix and X and B are n by r matrices. An estimate of the condition number of A and an
error bound for the computed solution are also returned.

2 Specification

SUBROUTINE FO4CHF (UPLO, N, NRHS, A, LDA, IPIV, B, LDB, RCOND, ERRBND, &
IFAIL)

INTEGER N, NRHS, LDA, IPIV(N), LDB, IFAIL

REAL (KIND=nag_wp) RCOND, ERRBND

COMPLEX (KIND=nag_wp) A(LDA,*), B(LDB,*)

CHARACTER(1) UPLO

3 Description

The diagonal pivoting method is used to factor A as A = UDU", if UPLO ='U', or A = LDL", if
UPLO ="L', where U (or L) is a product of permutation and unit upper (lower) triangular matrices, and D
is Hermitian and block diagonal with 1 by 1 and 2 by 2 diagonal blocks. The factored form of A is then
used to solve the system of equations AX = B.

4 References

Anderson E, Bai Z, Bischof C, Blackford S, Demmel J, Dongarra J J, Du Croz J J, Greenbaum A,
Hammarling S, McKenney A and Sorensen D (1999) LAPACK Users’ Guide (3rd Edition) SIAM,
Philadelphia http://www.netlib.org/lapack/lug

Higham N J (2002) Accuracy and Stability of Numerical Algorithms (2nd Edition) SIAM, Philadelphia

5 Parameters

I:  UPLO — CHARACTER(]) Input
On entry: if UPLO = 'U', the upper triangle of the matrix A is stored.
If UPLO = 'L/, the lower triangle of the matrix A is stored.
Constraint. UPLO ='U" or 'L\

2: N — INTEGER Input
On entry: the number of linear equations n, i.e., the order of the matrix A.

Constraint: N > 0.

3: NRHS - INTEGER Input
On entry: the number of right-hand sides r, i.e., the number of columns of the matrix B.

Constraint: NRHS > 0.
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10:

11:

A(LDA,x) — COMPLEX (KIND=nag_wp) array Input/Output
Note: the second dimension of the array A must be at least max(1,N).
On entry: the n by n Hermitian matrix A.

If UPLO = 'U', the leading N by N upper triangular part of the array A contains the upper triangular
part of the matrix A, and the strictly lower triangular part of A is not referenced.

If UPLO ='L, the leading N by N lower triangular part of the array A contains the lower triangular
part of the matrix A, and the strictly upper triangular part of A is not referenced.

On exit: if IFAIL > 0, the block diagonal matrix D and the multipliers used to obtain the factor U
or L from the factorization A = UDU" or A = LDL" as computed by FO7MRF (ZHETRF).
LDA — INTEGER Input

On entry: the first dimension of the array A as declared in the (sub)program from which FO4CHF is
called.

Constraint: LDA > max(1,N).

IPIV(N) — INTEGER array Output

On exit: if IFAIL > 0, details of the interchanges and the block structure of D, as determined by
FO7MRF (ZHETREF).

If IPTV (k) > 0, then rows and columns %k and IPIV (k) were interchanged, and dj;, is a 1 by 1
diagonal block;

if UPLO ="'U" and IPIV(k) = IPIV(k — 1) < 0, then rows and columns k£ — 1 and —IPIV (k)
were interchanged and dj,_,.,;_;.; is a 2 by 2 diagonal block;

if UPLO ='L' and IPIV(k) = IPIV(k + 1) < 0, then rows and columns k + 1 and —IPIV(k)
were interchanged and dj.. 1 441 is @ 2 by 2 diagonal block.
B(LDB,*) — COMPLEX (KIND=nag_wp) array Input/Output
Note: the second dimension of the array B must be at least max(1, NRHS).
On entry: the n by r matrix of right-hand sides B.
On exit: if IFAIL =0 or N + 1, the n by r solution matrix X.

LDB — INTEGER Input

On entry: the first dimension of the array B as declared in the (sub)program from which FO4CHF is
called.

Constraint: LDB > max(1,N).

RCOND — REAL (KIND=nag_ wp) Output

On exit: if no constraints are violated, an estimate of the reciprocal of the condition number of the
matrix A, computed as RCOND = 1/<||A||1HA_1H1>.

ERRBND — REAL (KIND=nag_wp) Output

On exit: if IFAIL = 0 or N + 1, an estimate of the forward error bound for a computed solution z,
such that ||z — x|, /||z||, < ERRBND, where & is a column of the computed solution returned in
the array B and z is the corresponding column of the exact solution X. If RCOND is less than
machine precision, then ERRBND is returned as unity.

IFAIL — INTEGER Input/Output

On entry: IFAIL must be set to 0, —1 or 1. If you are unfamiliar with this parameter you should
refer to Section 3.3 in the Essential Introduction for details.
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For environments where it might be inappropriate to halt program execution when an error is
detected, the value —1 or 1 is recommended. If the output of error messages is undesirable, then
the value 1 is recommended. Otherwise, if you are not familiar with this parameter, the
recommended value is 0. When the value —1 or 1 is used it is essential to test the value of
IFAIL on exit.

On exit: IFAIL =0 unless the routine detects an error or a warning has been flagged (see
Section 6).

6  Error Indicators and Warnings

If on entry IFAIL = 0 or —1, explanatory error messages are output on the current error message unit (as
defined by X04AAF).

Errors or warnings detected by the routine:

IFAIL < 0 and IFAIL # —999
If IFAIL = —i, the ¢th argument had an illegal value.

IFAIL = —999

Allocation of memory failed. The real allocatable memory required is N, and the complex
allocatable memory required is max(2 x N,LWORK), where LWORK is the optimum workspace
required by FO7MNF (ZHESV). If this failure occurs it may be possible to solve the equations by
calling the packed storage version of FO4CHF, FO4CJF, or by calling FO7TMNF (ZHESV) directly
with less than the optimum workspace (see Chapter F07).

IFAIL > 0 and IFAIL <N
If IFAIL =14, d;; is exactly zero. The factorization has been completed, but the block diagonal
matrix D is exactly singular, so the solution could not be computed.

IFAIL=N+1

RCOND is less than machine precision, so that the matrix A is numerically singular. A solution to
the equations AX = B has nevertheless been computed.

7  Accuracy

The computed solution for a single right-hand side, &, satisfies an equation of the form

(A+E)t =0,
where
1E], = 0|4l
and e is the machine precision. An approximate error bound for the computed solution is given by
T—z E
SR < s
where x(A) = ||A71||1||AH1, the condition number of A with respect to the solution of the linear

equations. FO4CHF uses the approximation || E||, = €|/ A||, to estimate ERRBND. See Section 4.4 of
Anderson et al. (1999) for further details.

8 Further Comments

The total number of floating point operations required to solve the equations AX = B is proportional to
(§n3 + 2n2r> . The condition number estimation typically requires between four and five solves and never

more than eleven solves, following the factorization.
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In practice the condition number estimator is very reliable, but it can underestimate the true condition
number; see Section 15.3 of Higham (2002) for further details.

Routine FO4DHF is for complex symmetric matrices, and the real analogue of FO4CHF is FO4BHF.

9  Example
This example solves the equations
AX =B,
where A is the Hermitian indefinite matrix
—1.84 0.11 -0.11¢ —1.78 —1.18  3.91 — 1.50¢
A 0.114+0.112 —4.63 —1.8440.03: 2214 0.21%
S| —1.78+1.187 —1.84 —0.037 —8.87 1.58 — 0.90¢
391+ 1500 2.21-0.21¢ 1.58+0.90i —1.36
and
2.98 —10.18;  28.68 — 39.89¢
B— —9.58 4+ 3.88¢ —24.79 — 8.40¢
| —0.77 — 16.05: 4.23 —70.02¢
7.79 + 5.48; —35.39+18.01¢

An estimate of the condition number of A and an approximate error bound for the computed solutions are

also printed.

9.1 Program Text

Program fO4chfe

! FO4CHF Example Program Text

! Mark 24 Release. NAG Copyright 2012.

! .. Use Statements ..
Use nag_library, Only:

! .. Implicit None Statement ..
Implicit None

! .. Parameters ..
Integer, Parameter

! .. Local Scalars ..
Real (Kind=nag_wp)
Integer

! .. Local Arrays ..
Complex (Kind=nag_wp),
Integer, Allocatable
Character (1)

! .. Executable Statements ..
Write (nout,*)
Write (nout,*)
Flush (nout)

! Skip heading in data file
Read (nin,*)
Read (nin,*)
lda = n
1db = n
Allocate

! Read the upper triangular part of A
Read (nin,*)(a(i,i:n),i=1,n)

n, nrhs

! Read B from data file
Read (nin,*)(b(i,l:nrhs),i=1,n)

! Solve the equations AX B for X

! ifail: behaviour on error exit

F04CHF.4

: nin = 5, nout

Allocatable ::
2 ipiv(:)
: clabs(1l), rlabs(1)

fO04chf, nag_wp, x04dbf

6

: errbnd, rcond

i, ierr, ifail, 1lda, 1ldb, n, nrhs

a(:,:), b(:,:)

"FO4CHF Example Program Results’

(a(lda,n),b(ldb,nrhs),ipiv(n))

from data file
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! =0 for hard exit, =1 for quiet-soft, =-1 for noisy-soft
ifail = 1
Call fO4chf(’'Upper’,n,nrhs,a,lda,ipiv,b,1ldb,rcond,errbnd,ifail)

If (ifail==0) Then
! Print solution, estimate of condition number and approximate
! error bound

ierr = 0
Call x04dbf (’General’,’ ’',n,nrhs,b,1ldb,’Bracketed’,’ ’,’Solution’, &
"Integer’,rlabs,’Integer’,clabs,80,0,ierr)

Write (nout,*)
Write (nout,*) ’'Estimate of condition number’
Write (nout,99999) 1.0EO_nag_wp/rcond
Write (nout,*)
Write (nout,*) ’'Estimate of error bound for computed solutions’
Write (nout,99999) errbnd
(

Else If (ifail==n+1) Then

! Matrix A is numerically singular. Print estimate of

! reciprocal of condition number and solution
Write (nout,*)
Write (nout,*) ’'Estimate of reciprocal of condition number’
Write (nout,99999) rcond
Write (nout,*)
Flush (nout)

ierr = 0
Call x04dbf (’'General’,’ ’',n,nrhs,b,1db,’Bracketed’,’ ’,’Solution’, &
"Integer’,rlabs,’Integer’,clabs,80,0,ierr)

Else If (ifail>0 .And. ifail<=n) Then
! The upper triangular matrix U is exactly singular. Print
! details of factorization
Write (nout,*)
Flush (nout)

ierr = 0

Call x04dbf ('Upper’,’'Non-unit diagonal’,n,n,a,lda,’'Bracketed’,’ ', &
'Details of factorization’,’Integer’,rlabs,’Integer’,clabs,80,0, &
ierr)

! Print pivot indices

Write (nout,*)
Write (nout,*) ’'Pivot indices’
Write (nout,99998) ipiv(1l:n)
Else
Write (nout,99997) ifail
End If

99999 Format (8X,1P,E9.1)

99998 Format ((1X,7I11))

99997 Format (1X,’ ** FO4CHF returned with IFAIL = ’,I5)
End Program fO4chfe

9.2 Program Data
FO4CHF Example Program Data
4 2 : n, nrhs

(-1.84, 0.00) ( 0©0.11, -0.11) ( -1.78, -1.18)
( -4.63 , 0.00) ( -1.84, 0.03)
( -8.87, 0.00)

3.91, -1.50)
2.21, 0.21)
1.58, -0.90)

)

-1.36 , 0.00 matrix A
( 2.98,-10.18) ( 28.68,-39.89)
( -9.58, 3.88) (-24.79, -8.40)
( -0.77,-16.05) ( 4.23,-70.02)
( 7.79 5.48) (-35.39, 18.01) matrix B

Mark 24 F04CHF.5



F04CHF NAG Library Manual

9.3 Program Results

FOACHF Example Program Results

Solution

1 2
1 ( 2.0000, 1.0000) ( -8.0000, 6.0000)
2 ( 3.0000, -2.0000) ( 7.0000, -2.0000)
3 ( -1.0000, 2.0000) ( -1.0000, 5.0000)
4 1.0000, -1.0000) ( 3.0000, -4.0000)

Estimate of condition number
6.7E+00

Estimate of error bound for computed solutions
7.4E-16

FO04CHF.6 (last) Mark 24



	F04CHF
	1 Purpose
	2 Specification
	3 Description
	4 References
	5 Parameters
	UPLO
	N
	NRHS
	A
	LDA
	IPIV
	B
	LDB
	RCOND
	ERRBND
	IFAIL

	6 Error Indicators and Warnings
	IFAIL<0&Uxa0;and&Uxa0;IFAIL&Ux2260;-999
	IFAIL=-999
	IFAIL>0&Uxa0;and&Uxa0;IFAIL&Ux2264;N
	IFAIL=N+1

	7 Accuracy
	8 Further Comments
	9 Example
	9.1 Program Text
	9.2 Program Data
	9.3 Program Results


	NAG Fortran Library Manual, Mark 24
	Copyright Statement
	Foreword
	Introduction
	Essential Introduction
	NAG Fortran Library specific documentation
	 NAG Fortran Library News

	NAG SMP Library specific documentation
	Introduction to the NAG Library for SMP & Multicore
	 NAG Library for SMP & Multicore News
	Tuned and Enhanced Routines in the 

	Thread Safety
	Routines Withdrawn or Scheduled for Withdrawal
	Advice on Replacement Calls for Withdrawn/Superseded Routines
	Acknowledgements
	Indexes

	Implementation-specific Details for Users
	Chapters of the Library
	A00 - Library Identification
	A00 Chapter Introduction

	A02 - Complex Arithmetic
	A02 Chapter Introduction

	C02 - Zeros of Polynomials
	C02 Chapter Introduction

	C05 - Roots of One or More Transcendental Equations
	C05 Chapter Introduction

	C06 - Summation of Series
	C06 Chapter Introduction

	C09 - Wavelet Transforms
	C09 Chapter Introduction

	D01 - Quadrature
	D01 Chapter Introduction

	D02 - Ordinary Differential Equations
	D02 Chapter Introduction

	D03 - Partial Differential Equations
	D03 Chapter Introduction

	D04 - Numerical Differentiation
	D04 Chapter Introduction

	D05 - Integral Equations
	D05 Chapter Introduction

	D06 - Mesh Generation
	D06 Chapter Introduction

	E01 - Interpolation
	E01 Chapter Introduction

	E02 - Curve and Surface Fitting
	E02 Chapter Introduction

	E04 - Minimizing or Maximizing a Function
	E04 Chapter Introduction

	E05 - Global Optimization of a Function
	E05 Chapter Introduction

	F - Linear Algebra
	F Chapter Introduction

	F01 - Matrix Operations, Including Inversion
	F01 Chapter Introduction

	F02 - Eigenvalues and Eigenvectors
	F02 Chapter Introduction

	F03 - Determinants
	F03 Chapter Introduction

	F04 - Simultaneous Linear Equations
	F04 Chapter Introduction

	F05 - Orthogonalization
	F05 Chapter Introduction

	F06 - Linear Algebra Support Routines
	F06 Chapter Introduction

	F07 - Linear Equations (LAPACK)
	F07 Chapter Introduction

	F08 - Least Squares and Eigenvalue Problems (LAPACK)
	F08 Chapter Introduction

	F11 - Large Scale Linear Systems
	F11 Chapter Introduction

	F12 - Large Scale Eigenproblems
	F12 Chapter Introduction

	F16 - Further Linear Algebra Support Routines
	F16 Chapter Introduction

	G01 - Simple Calculations on Statistical Data
	G01 Chapter Introduction

	G02 - Correlation and Regression Analysis
	G02 Chapter Introduction

	G03 - Multivariate Methods
	G03 Chapter Introduction

	G04 - Analysis of Variance
	G04 Chapter Introduction

	G05 - Random Number Generators
	G05 Chapter Introduction

	G07 - Univariate Estimation
	G07 Chapter Introduction

	G08 - Nonparametric Statistics
	G08 Chapter Introduction

	G10 - Smoothing in Statistics
	G10 Chapter Introduction

	G11 - Contingency Table Analysis
	G11 Chapter Introduction

	G12 - Survival Analysis
	G12 Chapter Introduction

	G13 - Time Series Analysis
	G13 Chapter Introduction

	H - Operations Research
	H Chapter Introduction

	M01 - Sorting and Searching
	M01 Chapter Introduction

	S - Approximations of Special Functions
	S Chapter Introduction

	X01 - Mathematical Constants
	X01 Chapter Introduction

	X02 - Machine Constants
	X02 Chapter Introduction

	X03 - Inner Products
	X03 Chapter Introduction

	X04 - Input/Output Utilities
	X04 Chapter Introduction

	X05 - Date and Time Utilities
	X05 Chapter Introduction

	X07 - IEEE Arithmetic
	X07 Chapter Introduction




