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Preface

dco/c++ is a highly flexible and efficient implementation of first- and higher-order tangent and
adjoint Algorithmic Differentiation (AD) by operator overloading in C++. It combines a cache-
optimized internal representation generated with the help of C++ expression templates with an
intuitive and powerful application programmer interface (API). dco/c++ has been applied success-
fully to a growing number of numerical simulations in the context of, for example, large-scale
parameter calibration and shape optimization.

Let us assume that you regularly run numerical simulations of a scalar objective y (for example,
the price of a financial product) depending on n uncertain parameters x € R™ (for example, mar-
ket volatilities). Suppose that a single run of the given implementation of the (pricing) function
y = f(x) as a C++ program takes one minute on the available computer. In addition to the value
y you might be interested in first derivatives of y with respect to all elements of x. Finite difference
approximation of the corresponding n gradient entries requires O(n) evaluations of f. Their ac-
curacy suffers from truncation and/or numerical effects due to cancellation and rounding in finite
precision floating-point arithmetic. Moreover, if, for example, n = 1000, then the approximation
of the gradient will take at least 1000 minutes (more than 16 hours). In adjoint mode dco/c++ can
be expected to take less than 20 (often less than 10 minutes) minutes for the accumulation of the
same gradient with machine accuracy.

AD can be implemented manually, that is, given an implementation of an arbitrary objective
function AD experts should be able to write a corresponding adjoint version the runtime of which
is likely to undercut that of tool-based solution. This process can be tedious, error-prone, and
extremely hard to debug. More importantly, it does not meet basic requirements for modern
software engineering such as sustainability and maintainability. Each modification in the original
code implies the need for corresponding modifications in the adjoint. To keep both codes consistent
will become at least challenging.

dco/c++ has been designed for use with large-scale real-world simulation code. Robust and efficient
adjoints of arbitrary complexity can be evaluated within the available memory resources through
combinations of checkpointing, symbolic differentiation of implicit functions, and integration of
adjoint source code into a dco/c++ adjoint. Users are encouraged to build libraries of optimized
domain-specific higher-level intrinsics to be linked with dco/c++ adjoints. The adjoint callback
interface of dco/c++ facilitates use of accelerators (such as GPUs) as well as the coupling with
established and highly optimized numerical libraries. A growing set of methods from the NAG
Library are supported as intrinsics requiring linkage with the separate NAG AD Library.

Disclaimer: This User Guide is driven by examples. Many of them are self-explanatory. Others
may require more in-depth descriptions of the semantics behind the dco/c++ syntax. Further
information will be added to upcoming versions of this document.

This User Guide targets readers with a very good understanding of AD. See [7] for an introduc-
tion. More advanced issues are discussed in [4]. The AD community maintains the web portal
www.autodiff.org with an extensive bibliography on the subject.
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Chapter 1

Summary of Features: v3.7.1

We consider implementations of multivariate vector functions
f:D"x D" = D" x D™ :(y,y) = f(x,x)

as computer programs over some base data type D (for example, single or higher precision floating-
point data, intervals, convex/concave relaxations, vectors/ensembles).! The n active (also: inde-
pendent) and n’ passive inputs are mapped onto m active (also: dependent) and m' passive
outputs. The given implementation is assumed to be k times continuously differentiable at all
points of interest implying the existence and finiteness of the Jacobian

Vf=Vxf(x,x)= g—f{(x,x’) € Dmxn"

the Hessian )

y ’
X7X ) e D77L><n><7b7

9]
=
if £ > 2, and of potentially higher derivative tensors

V2f =V2f(x,x)

k
mxXnX eee
k times

y(x, x')€eD

kg _ ok AN
VEf = VEx) = o5

We denote

i i\ J15--k=0,...,n—1
vk — ( vk ?1,--»7]1«)
! [ f]l i=0,...,m—1 ’
and we use x to denote the entire range of an index. For example, [V f]: denotes the ¢th row and

\Y% f]fk the jth column of the Jacobian, respectively. Algorithmic differentiation is implemented by
the overloading of elemental functions including the built-in functions and operators of C++ as
well as user-defined higher-level elemental functions.

1.1 First-order Tangent Mode

Generic first-order scalar tangents

Generic first-order scalar tangent mode enables the computation of products of the Jacobian with
vectors x(1) € D»

y =vyf.xM e pm
through provision of a generic first-order scalar tangent data type over arbitrary base data types
D.

1We assume that the arithmetic inside f is completely defined (through overloading of the elemental functions;
see below) for variables from D.
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Generic first-order vector tangents
Generic first-order vector tangent mode enables the computation of products of the Jacobian with

matrices X1 e pnx!
vy — V- x@® g pmxi

through provision of a generic first-order vector tangent data type over arbitrary base data types
D.

Preaccumulation through use of expression templates

Expression templates enable the generation of statically optimized gradient code at the level of
individual assignments which can be beneficial for vector tangent mode.

1.2 First-order Adjoint Mode

Generic first-order scalar adjoints

Generic first-order scalar adjoint mode enables the computation of products of the transposed
Jacobian with vectors y () € D™

X(1) = VfT Y e D"

through provision of a generic first-order scalar adjoint data type over arbitrary base data types
D.

Generic first-order vector adjoints

Generic first-order vector adjoint mode enables the computation of products of the transposed
Jacobian with matrices Yy € Dmxl

Xy =V Y € D"

through provision of a generic first-order scalar adjoint data type over arbitrary base data types
D.

Global “blob” tape

Memory of the specified size is allocated and used for storing the tape without bound checks.

Global “chunk” tape

The tape grows in chunks up to the physical memory bound.

Global “file” tape (v3.2)

Chunks are written to and read from disk.

Thread-local tape (v3.4)

The global tapes are now thread-local by default allowing an easier switch to multi-threading.
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Distinct data types for values, partial derivatives and adjoints with all kinds of tapes
(v3.2)

Data types for values, partial derivatives and adjoints can be set individually when defining the
differentiation mode.

(Thread-)local tapes

Multiple “blob” or “chunk” tapes can be allocated, for example, to implement thread-safe adjoints.

Preaccumulation through use of expression templates
Expression templates enable the generation of statically optimized gradient code at the level of

individual assignments. This preaccumulation can result in a decrease in tape memory require-
ment.

Repeated evaluation of tape

Tapes can be recorded at a given point and interpreted repeatedly.

Adjoint callback interface

The adjoint callback interface supports

e checkpointing

symbolic adjoints of numerical methods

combinations of tangent and adjoint modes

preaccumulation of local derivative tensors

creation of collections of domain-specific higher-level elemental functions

User-defined local Jacobians interface

Externally preaccumulated partial derivatives can be inserted directly into the tape for use within
subsequent interpretations.

User-driven preaccumulation of local Jacobians (v3.2)

An easy-to-use interface for robust preaccumulation of local Jacobians is provided. Aggressive
reduction of the tape size is facilitated.

Multiple adjoint vectors for a single tape (v3.2)

Several (concurrent) interpretations of the same tape are enabled through separate (thread-local)
adjoint vectors.

na B onemns | RWNTH
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Modulo Adjoint Propagation (v3.3)

The vector of adjoints is compressed by analysing the maximum number of required distinct
adjoint memory locations. During interpretation, adjoint memory, which is no longer required, is
overwritten and thus reused by indexing through modulo operations. This feature is especially
useful for iterative algorithms (e.g. time iterations). The required memory for the vector of
adjoints usually stays constant, independent of the number of iterations. Combined with the use
of disk tape, almost arbitrarily sized tapes can be generated, which might be especially of interest
for prototyping or validation purposes.

Sparse Tape Interpretation (v3.3)

The adjoint interpretation of the tape can omit propagation along edges when the corresponding
adjoint to be propagated is zero. This might be of use when NaNs or Infs occur as local partial
derivatives (e.g. when computing square root of zero), but this local result is only used for
subsequent computations which are not relevant for the overall output. This feature might have
a performance impact on tape interpretation and should therefore be considered for debugging
configuration only.

1.3 Second- and Higher-order Tangent Mode

Generic second-order scalar tangents

Instantiation of the generic first-order scalar tangent data type with the generic first-order scalar
tangent data type over a non-derivative base data type yields the second-order scalar tangent data
type. It enables the computation of scalar projections of the Hessian V2f € D™*"X" in its two
domain dimensions of length n as

y12 = (w25, xV x@) = (Xu)T [V .X<2>) c D™

1=0,...,m—1

for x(V, x(2) € D" over arbitrary base data types D. The computational cost of accumulating the
whole Hessian over D becomes O(n?) - Cost(f). with both x() and x(?) ranging independently
over the Cartesian basis vectors in D™.

Generic second-order vector tangents

Instantiation of the generic first-order vector tangent data type with the generic first-order vector
tangent data type over a non-derivative base data type yields the second-order scalar tangent data
type. It enables the computation of vector projections of the Hessian V2f € D™X"X" in its two
domain dimensions of length n as

Y2 = (v2f, XM, x ) = (X(l)T VAT -X(2>) € pmxhxis

1=0,...,m—1

for X(1) ¢ prxli X(2) ¢ pnxl2 gyer arbitrary base data types D. The computational cost of
accumulating the whole Hessian over D remains equal to O(n?)- Cost(f) with both X and X (?)
set equal to the identities in D".

Other generic second-order tangents

Instantiation of the generic first-order vector tangent data type with the generic first-order scalar
tangent data type over a non-derivative base data type yields a second-order tangent data type.
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Similarly, instantiation of the generic first-order scalar tangent data type with the generic first-
order vector tangent data type over a non-derivative base data type yields a second-order tangent
data type.

Generic third- and higher-order tangents

Instantiation of tangent types with kth-order tangent types yields (k + 1)th-order tangent types.

1.4 Second- and Higher-order Adjoint Mode

Generic second-order scalar adjoints

Instantiation of the generic first-order scalar adjoint data type with the generic first-order scalar
tangent data type over a non-derivative base data type yields a second-order scalar adjoint data
type. It enables the computation of scalar projections of the Hessian V2 f € D™*"X™ in its image
and one of its domain dimensions as

2 _ Jy*
XD = by VA = (v - [VAT ) e
for y;) € D™ and x(2) € D" over arbitrary base data types D. The computational cost of
accumulating the whole Hessian over D becomes O(m - n) - Cost(f). with y(;) and x® ranging
over the Cartesian basis vectors in D™ and D", respectively.

Generic second-order vector adjoints

Instantiation of the generic first-order vector adjoint data type with the generic first-order vector
tangent data type over a non-derivative base data type yields a second-order vector adjoint data
type. It enables the computation of vector projections of the Hessian V2 f € D™X"X" ip its image
and one of its domain dimensions as
(2 _ 2 20N\ — (T 2 7% 2 1 xnxl
X(1) = <Y(1)7v faX( )> = (Y(l)' [V f]* X ))j:o,...,n—l € b
for Y(y) € D™l and X € D"*l2 over arbitrary base data types D. The computational cost of

accumulating the whole Hessian over D remains equal to O(m - n) - Cost(f). with Y(;) and X
set equal to the identities in D™ and D", respectively.

Other generic second-order adjoints

Instantiation of the generic first-order vector adjoint data type with the generic first-order scalar
tangent data type over a non-derivative base data type yields a second-order adjoint data type.
Similarly, instantiation of the generic first-order scalar adjoint data type with the generic first-
order vector tangent data type over a non-derivative base data type yields a second-order adjoint
data type.

Symmetry of the Hessian in its two domain dimensions yields the following additional second-
order adjoint data types: Instantiation of a generic first-order tangent data type with a generic
first-order adjoint data type over a non-derivative base data type yields a second-order adjoint
data type for computing

VL) = (v ) e
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Similarly, instantiation of a generic first-order adjoint data type with a generic first-order ad-
joint data type over a non-derivative base data type yields a second-order adjoint data type for
computing

<X(1,2)7y(1)7v2f> = (y,(z—i) : [va]f:* ’ X(LQ)) . € D".

7=0,..., n—1

Generic third- and higher-order adjoints
Instantiation of tangent types with kth-order adjoint types yields (k + 1)th-order adjoint types.

Similarly, instantiation of adjoint types with kth-order tangent or adjoint types yields (k + 1)th-
order adjoint types.

1.5 Additional Functionality

Vectorized (AVX) tangent and adjoint modes (v3.4)

For making use of vectorization, a respective vector data type can be used as base type for tangent
and adjoint modes.

Debugging capabilities (v3.4)

For enabling internal debugging checks, a compile time flag was added.
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Chapter 2

General Remarks / Essentials

2.1 C++ Standard

dco/c++ is fully compliant with C++11. If you need C++98 support, please contact NAG.

2.2 Memory Allocation

e Default configuration uses a blob tape, i.e. no dynamic growth of memory during recording.
Selection of a chunk tape is done at precompile time by the preprocessor (see next section).

e Allocated memory is not initialized.

e Under Linux, huge pages are supported. Those might enhance performance immensely (we’ve
seen up to 30%). It can be switched on/off via the tape_options object. See Sec. 4.45.

The following environment variables define the size of the blob tape.

e The environment variable DCO_MEM_RATIO defines the ratio of available physical memory
that should be allocated (default: 0.1).

e The environment variable DCO_MAX_ALLOCATION defines the maximal allocation size to be
used in kilobytes.

2.3 Parallelization

e All tangent types are thread-safe.

e dco::gals<T>, dco::galv<T>, etc. are by default thread-safe due to use of a thread-local
global tape. If using multiple threads, please make sure you never mix variables from different
threads. See section 2.7 on how to disable thread-local global tapes.

e For explicit thread safety, you can use multiple tape versions: dco: :galsm<T>, dco: :galvm<T>,
etc.

nag
W e
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2.4 Performance

e Make sure (target specific) compiler optimization is switched on.

e Inlining is important. On the other hand, the increase in compilation time might not be ac-
ceptable in your project. For more agressive inlining, use the define DCO_AGRESSIVE_INLINE.
This is defined by default under Linux and undefined by default under Windows (compilation
time increases immensely there). Use DCO_NO_AGRESSIVE_INLINE to disable under Linux.

2.5 Type Casting

Usually, it is not desired to cast a dco/c++ type to a non-dco type (e.g. double), since dco/c++ is
then unable to compute derivatives of that data flow. Nonetheless, there are cases, where a cast
is actually what you want to do (e.g. cast to int for an index calculation). We therefore allow
explicit cast operations to specified data type (implicit casts are not allowed). Use carefully. See
Sec. 4.44.

This is only available in C++11, since the implementation uses the explicit keyword on conversion
functions.

2.6 File I/0

By using dco/c++ data types the binary layout of all data structures used throughout the code
changes. This should be considered when using binary input/output, e.g. to files or streams. To
avoid having to handle each call to e.g. fscanf individually, we ship respective implementations
within the namespace dco. Those implementations only forward the underlying data to the
respective calls (fprinf, sprintf, fscanf, sscanf). Make sure you are using the original calls,
if non-wrapped binary I/0O is needed, i.e. use for example ::sscanf(...) (global namespace)
explicitly.

This is only available in C++11, since the implementation uses variadic template arguments.

In addition, operator<< is overloaded and forwards the respective operator on the value compo-
nent.

2.7 Feature Selection

Definition of the following preprocessor variables select the respective feature.

e DCO_DEBUG (default: OFF): Improved safety through enhanced checking, e.g, overflow checks
(has performance impact).

e DCO_CHUNK_TAPE (default: undefined): Switches to chunk tape. The default chunk size is
128MB.

e DCO_NO_THREADLOCAL (default: undefined): Switches thread-local global tapes off (i.e. no
use of thread_local keyword).

e DCO_FORCE_THREADLOCAL_KEYWORD (default: undefined): Forces the usage of thread_local
keyword for the global tape. Due to bugs in compiler implementation of thread_local
keyword (Intel Compiler on Windows) by default we may use other keywords to define
global tape as thread-local (e.g., __declspec(thread) on Windows).
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DCO_LOG_MAX_LEVEL (default: —1): Defines the maximal and default logging level. If —1,
logging is optimized out completely. See 4.43 for further details.

DCO_AUTO_SUPPORT (default: undefined): When using dco/c++ with ’auto’-keyword (C++11),
please make sure setting this variable to avoid dangling references to local stack variables.
Possible performance implications: might slow down recording when working with long
right-hand sides.

DCO_TAPE_ACTIVITY (default: defined): If tape activity check is enabled, dco only records
tape for operations which depend on registered variables.

DCO_GT1S_ACTIVITY (default: undefined): If defined, tangents are propagated only when
the tangent components are nonzero. If it is undefined, NaNs, occurring in parts of the code
that does not depend on the inputs, will be propagated to the output tangents.

DCO_TAPE_USE_LONG_INT (default: undefined): Deprecated. Use DCO_TAPE_USE_INT64 in-
stead.

DCO_TAPE_USE_INT64 (default: undefined): Switches internal counter from ’int’ to 64 bit
integer (Windows: __int64, Linux:int64_t). This is usually required if recording a huge

amount of tape when writing to disk. Required when number of assignments greater than
231 — 1.

DCO_STD_COMPATIBILITY (default: undefined): Will instruct dco/c++ to import the over-
loaded standard math functions (e.g. ceil, floor, min, max, ...) into the namespace std. In
addition, numeric_limits is specialized and included into the namespace std.

DCO_INTEROPERABILITY_BOOST_INTERVAL (default: undefined): Linux and post C++11 only.
Will instruct dco/c++ to include the BOOST header boost/numeric/interval.hpp. In
addition, a handful of functions and structs are specialized to support dco/c++ data types
as base types. DCO_STD_COMPATIBILITY is defined implicitly, since it’s required.

DCO_BITWISE_MODULO (default: undefined): The adjoint vector size is rounded up to the next
power of two for enabling a faster modulo operation (bitwise &). See Ch. 4.39 for details.

DCO_SKIP_WINDOWS_H_INCLUDE (default: undefined): Under Windows, windows.h is in-
cluded by default. This is required for getting the total physical memory size (for automatic
blob tape size calculation). If define is set, windows.h is not included and when using the
blob tape, you must define the environment variable DCO_MAX_ALLOCATION (see Sec. 2.2).

DCO_USE_INTRINSIC_COMPLEX_PRIMALS (default: undefined): Since it is impossible to over-
load builtin complex arithmetic, primal values might differ when either using std: : complex
template implementation or the reimplementation we did in dco/c++. We have, however,
a type, which falls back to the builtin arithmetic. This requires the computation to be
performed twice, but delivers exactly the same primals as with passive types.

DCO_AGRESSIVE_INLINE (default: platform dependent): See Sec. 2.4.
DCO_NO_AGRESSIVE_INLINE (default: undefined): See Sec. 2.4.

DCO_NO_INTERMEDIATES (default: undefined): Removes use of template expressions; each
operation now returns an active type as opposed to an expression type. Negative impact on
performance expected (run time- as well as memory-wise).
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2.8 Coupling with Other Template Libraries

Standard Template Library (STL)

Conceptually, dco/c++ data types can be used as template arguments for all STL functions and
classes. Specific remarks follow:

e std::complex
Unfortunately, there are some issues with the implementation of std: : complex under Win-
dows. Therefore, a specialized implementation of std::complex for dco/c++ types is used.
In addition, the builtin arithmetic is not used by default for dco/c++ types. This might lead
to differences in the primal values. To fall back to the builtin arithmetic,
DCO_USE_INTRINSIC_COMPLEX_PRIMALS can be defined. This requires an additional passive
evaluation of the operations, though.

e std::common_type
(23.15.7.6) in the C++ standard allows specialization of std::common_type. This is spe-
cialized for all dco/c++ types. The following lambda is an example on how to use this. The
auto-deduced return type is different for the two branches. Therefore, a common type of
both possible return types needs to be used.

auto f = [](auto &% x, auto && y)
-> typename std::common_type<decltype(x), decltype(y)>::type {
if (x < 0) return x;
else return y;

};

Boost Interval Arithmetic Library

To obtain semi-local derivative information with dco/c++ the interval<T,Policies> type from
the Boost Interval Arithmetic Library' can be used as a base type of dco/c++ types.

For this to work, the DCO_INTEROPERABILITY_BOOST_INTERVAL needs to be defined.

Instead of using the default policies, you should specify the rounding and checking policies to
enable transcendental and trigonometric functions. As an example the following type can be used.

boost::numeric::interval<double, boost::numeric::interval_lib::policies<
boost::numeric::interval_lib: :save_state<
boost::numeric::interval_lib::rounded_transc_std<double> >,
boost::numeric::interval_lib::checking_base<double> > >

The derivative component of variable x can be seeded by dco: :derivative(x).assign(1,1).

To obtain the lower and upper bound of the interval derivative dco::derivative(y).lower()
and dco: :derivative(y) .upper () can be used.

It is also possible to nest the other way round, i.e. instantiate the interval type with dco/c++ types
as template parameter.

Eigen Library

As Eigen states on its Webpagez, for supporting custom data types as template argument, Eigen: :
NumTraits needs to be specialized. This is done within dco.hpp. Make sure having included Eigen

1https ://www.boost.org/doc/1ibs/1_62_0/1libs/numeric/interval/doc/interval.htm
%https://eigen.tuxfamily.org/dox/TopicCustomizing_CustomScalar.html
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headers before including dco . hpp. dco/c++ will automatically switch on the DCO_STD_COMPATIBILITY
define in this case as well.

Note that the specialization of NumTraits is only tested for the latest Eigen version at the time of
writing, which currently is 3.3.9. You can enforce use of the dco/c++ NumTraits specialization for
other Eigen versions by providing the DCO_EXT_EIGEN_IGNORE_VERSION define. In case you want
to prevent dco/c++ from providing the specialization, you can use the DCO_EXT_NO_EIGEN define.

Since both — dco/c++ and Eigen — implement expression templates, there can be compilation errors
depending on the underlying user code. If this is the case, you can disable the dco/c++ template
expressions using the DCO_NO_INTERMEDIATES define.

There is a dedicated project to optimize algorithmic differentiation within Eigen called Eigen-AD.
dco/c++ provides corresponding implementations to Eigen-AD, allowing symbolical treatment of
the Eigen dense solvers and matrix-matrix multiplication. Refer to the Eigen-AD? page for further
details.

Stan Math Library

When using dco/c++ types as template arguments for the Stan Math Library, there are a couple
of specializations and overloads required. Please contact support@nag.co.uk.

Shttps://gitlab.stce.rwth-aachen.de/stce/eigen-ad
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Chapter 3

General Functions and Traits

This section lists a couple of functions and traits which are general in the sense, that they are
available for all differentiation modes (i.e. gtis<...>, gals<...>, ...) and respective types.

3.1 Functions

3.1.1 dco::value
Definition

template <typename T> [const] RET<T>& dco::value([const] T&)

Description
This function works with all types. If T is a dco/c++ type, a reference to the value component is
returned. Otherwise, a reference to the type itself is returned. RET<T> is deduced respectively.
3.1.2 dco::derivative
Definition

template <typename T> [const] RET<T>& dco::derivative([const] T&)

Description

This function works with all types. If T is a dco/c++ type, it returns a reference to the derivative
component. Otherwise, a respective zero is returned by value. RET<T> is deduced respectively.

3.1.3 dco::tangent
Definition

template <typename T> [const] RET<T>& dco::tangent([const] T&)

nag somaromiroos | IRNNTTH
ot o
W2 1 o



dco/c++ User Guide 18

Description
This function works with all types. If T is a dco/c++ tangent type, it returns a reference to

the tangent component. Otherwise, a respective zero is returned by value. RET<T> is deduced
respectively.

3.1.4 dco::adjoint
Definition

template <typename T> [const] RET<T>& dco::adjoint([const] T&)

Description
This function works with all types. If T is a dco/c++ adjoint type, it returns a reference to

the adjoint component. Otherwise, a respective zero is returned by value. RET<T> is deduced
respectively.

3.1.5 dco::passive_value
Definition

template <typename T> [const] RET<T>& dco::passive_value([const] T&)

Description
This function works with all types. If T is a dco/c++ type, a reference to the passive value

component is returned; different to dco: :value only for higher order types. Otherwise (not a
dco/c++ type), a reference to the type itself is returned. RET<T> is deduced respectively.

3.1.6 dco::tape
Definition

template <typename T> TAPE<T>* dco::tape(const T&)

Description
This function works with all types. If T is a dco/c++ adjoint type, it returns a pointer to the

underlying tape, NULL if not registered in case of multiple tape support. Otherwise (not a
dco/c++ type) a NULL is returned as void*. TAPE<T> is deduced respectively.

3.1.7 dco::tape_index
Definition

template <typename T> TAPE_IDX<T> dco::tape_index(const T&)
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Description

This function works with all types. If T is a dco/c++ adjoint type, it returns the tape index,
0 if not registered. Otherwise (not a dco/c++ type) O is returned by value. TAPE_IDX<T> is
deduced respectively.

3.1.8 dco::size_of

Definition

A) template <typename T> size_t dco::size_of(const T&)
B) template <typename T> size_t dco::size_of(const T&, int)

Description

A+B) This function works with all types and returns its size. If T is a user-defined type, a
specialization of the corresponding struct (trait_size_of) is required (see Sec. 3.2).

B) If T is a tape pointer, a configuration can be added via the enum TAPE::size_of_mode:

1 enum size_of_mode {

2 //*% include the currently used memory of the internal stack

3 [/ ** (the stack holds the graph structure: edges and weights)
4 size_of_stack =1,

5 //** dnclude the allocated memory of the internal stack

6 [/ ** (espectally for blob tape, this might be much larger)

7 size_of_allocated_stack = 2,

8 //*% include the allocated memory of the internal wvector of adjoints
9 size_of_internal_adjoint_vector = 4,

10 //** dinclude the memory occupied by the written checkpoints

11 //*%%  for this to work with user—defined datatypes,

12 //*%  trait_size_of is required to be specialized

13 size_of_checkpoints = 8,

14 size_of_default = size_of_stack | size_of_internal_adjoint_vector
15 };

Of course, the various modes can be combined as, e.g.:

1 size_of (tape, TAPE_T::size_of_allocated_stack | TAPE_T::
size_of_internal_adjoint_vector);

3.1.9 Allocation / Deallocation Functions

Definition

1 void* dco::alloc(size_t size,

2 bool use_huge_pages = false);
3 void dco::dealloc(voidx);

Description

Allocate size bytes of uninitialized storage. use_huge_pages is currently only available under
Linux and uses mmap to allocate huge pages (see Ch. 4.45). The memory allocated with dco: :
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alloc needs to be deallocated using dco::dealloc function. Returns 0 if unable to allocate
requested memory.

3.2 Traits

3.2.1 dco::mode

Definition

1 template <typename T> struct mode;

2 typename mode::value_t;

3 typename mode: :passive_t;

4 typename mode: :derivative_t;

5 typename mode: :tape_t;

6 typename mode::local_gradient_t;

7 typename mode::external_adjoint_object_t;
8 typename mode::jacobian_preaccumulator_t;

9 bool mode::is_dco_type;

10 bool mode::is_adjoint_type;
11 bool mode::is_tangent_type;
12 int mode: :order;

Description

This trait works with all types. In case T is a dco/c++ type, the respective types and booleans
are set. Otherwise, most types are set to void, apart from value_t and passive_t, which are
set to T. This trait is very useful for template specializations.

3.2.2 dco::trait_size_of

Definition

1 template <typename T> struct trait_size_of {
2 size_t get(const T&);
3 };

Description

This trait is implemented for all dco/c++ types as well as fundamental C++ types. In case
the external adjoint data object has stored user-defined types, the user needs to implement a
specialization of this trait.

saansroos | IRANTH
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Chapter 4

Features by Example

4.1 First-order Tangent Mode

Example program can be found here: examples/gtils

4.1.1 Purpose

The dco/c++ data type gt 1s<DCO_BASE_TYPE>: :type implements tangent first-order scalar mode.

The first-order tangent version
y
<y(1)) = f(l)(x,x(l))

resulting from the application of dco/c++ to a multivariate vector function f : R® — R™,y = f(x),
computes

y = f(x)

af af (4.1)
M .= (2L Oy = 2L (M
yWoi=(=,xV) = x\H.

4.1.2 Example

We consider the following implementation of a function f : R* — R? :

template <typename T> std::vector<T> f(const std::vector<T>& x) {
std: :vector<T> y(2);
T v = tan(x[2] * x[3]);
Tw=x[1] - v;
y[0] = x[0] * v / w;
y[1] = y[0] * x[1];
return y;

}

The main function computes the Jacobian matrix using (4.1) by iterating a loop over the Cartesian
basis vector.

int main() {
// Using first-order tangent mode.
constexpr std::size_t n =4, m = 2;
using mode_t = dco::gtls<double>;
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using type = mode_t::type;

// Inputs.
std: :vector<type> x(n, 1.0);

// Iterate over the Cartesian basis vectors in R°n.

for (std::size_t i = 0; i < n; ++i) {

// Seed i-th Cartesian basis vector to the input tangents.
dco::derivative(x[i]) = 1.0;

// Propagate tangents from inputs to outputs, <.e. perform
// implicit Jacobian vector product.
auto y = f(x);

// Reset input tangent.
dco::derivative(x[i]) = 0.0;

if (i == 0) {
// Print output values (just once on first iteration).
std::cout << "y = [ ";
for (auto const& yi : y) {
std::cout << yi << " ",
}
std::cout << "]" << std::endl;
}

// Print Jacobian.

std::cout << "dy / dx[" << i << "] = [ "

for (std::size_t j = 0; j < m; ++j) {
std::cout << dco::derivative(y[j]l) << " ";

}

std::cout << "]" << std::endl;

return 0;

}

The following output is generated:

y:

dy
dy
dy
dy

[ -2.79402 -2.79402 ]
/ dx[0] = [ -2.79402 -2.79402 ]

/ dx[1] = [ -5.01252 -7.80654 ]
/ dx[2] = [ 11.025 11.025 ]
/ dx[3] = [ 11.025 11.025 ]

4.1.3 Concepts introduced in this Section

dco.hpp

dco/c++ header to be included.
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DCO_BASE_TYPE

Variable instantiation type for generic AD modes.

gt1s<DCO_BASE_TYPE>

Generic first-order tangent mode.

DCO_MODE

Generic AD mode; for example typedef gt1s<DCO_BASE_TYPE> DCO_MODE.

gt1s<DCO_BASE_TYPE>: :type

Generic first-order tangent type.

DCO_TYPE

Generic AD type; for example typedef gt1s<DCO_BASE_TYPE>::type DCO_TYPE.

value

Returns reference to value of argument.

derivative

Returns reference to derivative of argument.

4.2 First-order Adjoint Mode

Example program can be found here: examples/gals

4.2.1 Purpose

The dco/c++ type gals<DCO_BASE_TYPE>: :type implements adjoint first-order scalar mode using
a global tape.

The first-order adjoint version

( Y ) = fo) (%, x1), ¥, y))

X(1)

resulting from the application of dco/c++ to a multivariate vector function f : R™ — R™,y = f(x),
computes

6f)T (4.2)
=) Y-
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4.2.2 Example

For the same function f : R* — R? used in Ch. 4.1 the main program computes the Jacobian
using (4.2).

int

main() {

// Using first-order adjoint mode.
constexpr std::size_t n =4, m = 2;
using mode_t = dco::gals<double>;
using type = mode_t::type;

// Inputs.
std: :vector<type> x(n, 1.0);

mode_t: :global_tape = mode_t::tape_t::create();
mode_t: :global_tape->register_variable(x);

// Record tape for f. This is only required once!
auto y = £(x);

mode_t: :global_tape->register_output_variable(y) ;

// Print output values.
std::cout << "y = [ ";
for (auto const& yi : y) {

}

std::cout << yi << " ";

std::cout << "]" << std::endl;

// Iterate over the Cartesian bastis vectors in R°m.
for (std::size_t j = 0; j < m; ++j) {
// Seed j-th Cartesian basis vector to the output adjoints.

3

dco::derivative(y[j]) = 1.0;

// Interpret the tape for j-th output.
mode_t: :global_tape->interpret_adjoint();

// Print Jacobian.

std::cout << "dy[" << j << "] = [ "

for (std::size_t i = 0; 1 < n; ++i) {
std::cout << dco::derivative(x[i]) << " ";

}

std::cout << "]" << std::endl;

// Reset all adjoints to zero.
mode_t: :global_tape->zero_adjoints();

mode_t: :tape_t: :remove(mode_t: :global_tape);

return O;

The following output is generated:

y:

[ -2.79402 -2.79402 ]

nag w:
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[ -2.79402 -5.01252 11.025 11.025 ]
[ -2.79402 -7.80654 11.025 11.025 ]

dy [0]
dy[1]

4.2.3 Concepts introduced in this Section
gals<DCO_BASE_TYPE>

Generic first-order adjoint scalar mode.

gals<DCO_BASE_TYPE>: :type

Generic first-order adjoint scalar type.

DCO_TAPE_TYPE

Type of tape associated with DCO_MODE.

DCO_MODE: :global_tape

Global tape pointer associated with DCO_MODE.

DCO_TAPE_TYPE: :create

Tape creator returns pointer to tape as DCO_TAPE_TYPEx.

DCO_TAPE_TYPE: :register_variable

Creates entry for argument (independent variable) in associated tape.

DCO_TAPE_TYPE: :register_output_variable

Marks argument as a dependent variable in associated tape.

DCO_TAPE_TYPE: :interpret_adjoint

Adjoint interpretation of entire tape.

DCO_TAPE_TYPE: :remove

Deallocates global tape.

4.3 Combined First-order Tangent and Adjoint Mode

Example program can be found here: examples/gtas
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4.3.1 Purpose

The dco/c++ type gtas<DCO_BASE_TYPE>: : type implements a combined tangent and adjoint first-
order scalar mode using a global tape. See respective sections for documentation of tangent and
adjoint modes. Be aware, that the accessor functions dco: :tangent and dco::adjoint have to
be used instead of dco::derivative. Main benefit is, that only one instantiation of the code is
required to be able to compute tangents and adjoints. Downside is larger memory footprint per
program variable.

4.3.2 Example

For the same function f : R* — R? used in Ch. 4.1 the main program computes the Jacobian
using tangents and adjoints.

int main() {
constexpr std::size_t n =4, m = 2;
using mode_t = dco::gtas<double>;
using type = mode_t::type;

// Inputs.
std: :vector<type> x(n, 1.0);

// Using first-order adjoint mode.
mode_t: :global_tape = mode_t::tape_t::create();
mode_t: :global_tape->register_variable(x);

// Record tape for f. This ts only required once!
auto y = £(x);

mode_t: :global_tape->register_output_variable(y) ;

// Print output values.
std::cout << "y = [ ";
for (auto const& yi : y) {

std::cout << yi << " "5
}

std::cout << "]" << std::endl;

// Iterate over the Cartesian basis vectors inm R°m.

for (std::size_t j = 0; j < m; ++j) {
// Seed j-th Cartesian basis vector to the output adjoints.
dco::adjoint(y[j]) = 1.0;

// Interpret the tape for j-th output.
mode_t: :global_tape->interpret_adjoint();

// Print Jacobian.

std::cout << "dy[" << j << "] = [ "

for (std::size_t i = 0; i < n; ++i) {
std::cout << dco::adjoint(x[i]) << " ";

}

std::cout << "]" << std::endl;
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// Reset all adjoints to zero.
mode_t: :global_tape->zero_adjoints();
}

mode_t: :tape_t::remove(mode_t::global_tape);

// Using first-order tangent mode.
// Iterate over the Cartesian basis vectors in R°n.
for (std::size_t i = 0; i < n; ++i) {

// Seed i-th Cartestian basis vector to the input tangents.
dco: :tangent (x[i]) = 1.0;

// Propagate tangents from inputs to outputs, <.e. perform
// implictt Jacobian vector product.
y = £(x);

// Reset input tangent.
dco: :tangent (x[i]) = 0.0;

if (1 ==0) 1
// Print output values (just once on first iteration).
std::cout << "y = [ ";
for (auto const& yi : y) {
std::cout << yi << " ",
}
std::cout << "]" << std::endl;

3

// Print Jacobian.
std::cout << "dy / dx[" << i << "] = [ ";
for (std::size_t j = 0; j < m; ++j) {

std::cout << dco::tangent(y[j]) << " ";
}
std::cout << "]" << std::endl;
}
return O;

4.3.3 Concepts introduced in this Section
gtas<DCO_BASE_TYPE>

Generic first-order combined tangent and adjoint scalar mode.

gtas<DCO_BASE_TYPE>: :type

Generic first-order combined tangent and adjoint scalar type.

tangent

Returns reference to tangent of argument.
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adjoint

Returns reference to adjoint of argument.

4.4 Vector Type

Example program can be found here: examples/gv

4.4.1 Purpose

The dco/c++ data type gv<DCO_BASE_TYPE, VECTOR_SIZE>::type implements a vector data type
primarily useful for SSE/AVX vectorization. This section describes the basic usage of the vector
type; this type can then be used as base type for tangent and adjoint dco/c++ types (see next
chapters).

We assume mutually independent loop iterations. Each iteration computes one element in the
output vector, i.e.

Yi Zf(Xz‘,/\)

with active input vector x € R", active output vector y € R"™, and passive inputs A. A very
famous example would be a Monte Carlo simulation.

s

times, for s =
n

Instead of iterating over all indices with scalar data, we can now only iterate
VECTOR_SIZE, computing s elements at once (assuming n is a multiple of s).

When doing vector evaluations of a function, data dependent control flow gets more complicated,
since the data flow for individual vector elements could potentially diverge. At least for simple
cases, this can be handled by comparison operators returning bitsets (i.e. for each vector element
it holds the respective boolean), which can then be used to mask out computed values; see the
Example for more details.

Remarks

Make sure you enable SSE/AVX/AVX-512 if supported by CPU and compiler. You might have
to use -march=native (for g++ or clang++) or /arch=AVX2 (MSVC) and -03 or -0fast as com-
pilation flags.

4.4.2 Example
Without Diverging Control Flow

We consider the following implementation of a branch-free function f: R — R :

template <typename T> void f(const T& x, T& y) {
T v = sin(x * x);

T w = —cos(v);

y =V xw;

}

The driver computes the elements of y by running a vectorized version of f.

typedef double DCO_BASE_TYPE;

static const unsigned long VECTOR_SIZE = 8;
typedef gv<DCO_BASE_TYPE, VECTOR_SIZE> DCO_MODE;
typedef DCO_MODE: :type DCO_TYPE;
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void driver(const vector<double>& x, vector<double>& y) {
const size_t n = x.size();
DCO_TYPE vec_x, vec_y;
for (auto range : dco::subranges<VECTOR_SIZE>(n)) {
for (auto i : range) {
vec_x[i.sub_index] = x[i.global_index];
3
f(vec_x, vec_y);
for (auto i : range) {
y[i.global_index] = vec_y[i.sub_index];
3
}

The main program initializes the input variables with random numbers followed by calling the

driver and printing the results.

int main() {
const int m = 12, n = 12;
cout.precision(5);
vector<double> x(n), y(m);
for (int i = 0; i < n; i++) {
x[i] = sin(static_cast<double>(i + 1));
}

driver(x, y);

The following output is generated:

y[0]1=-0.516941929775134
y[1]1=-0.15305648476807
[...]
y[10]=-0.220197556962565
y[11]=-0.357012857533553

With Diverging Control Flow

Now we consider the following implementation of a function f: R — R :

template <typename T> void f(const T& x, T& y) {
T v = sin(x * x);
T w = —cos(v);
y =V xw;
if (y < -0.5)
y += sin(exp(x));

}

This can be rewritten by using the mentioned bitset and a masking function.

template <typename T> void f(const T& x, T& y) {
T v = sin(x * x);
T w = -cos(v);
y =V xw;
y += dco::vmask(y < -0.5, sin(exp(x)));
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Driver and main function are unaltered compared to the previous section.

The following output is generated:

y[01=0.21746389190323

y[1]=-0.153056484768117

[...]

y[10]=-0.22019755696259

y[11]=-0.357012857533558

4.4.3 Concepts introduced in this Section
gv<DCO_BASE_TYPE, VECTOR_SIZE>

Generic vector mode; individual values of type DCO_BASE_TYPE; with VECTOR_SIZE elements.

operator[]

DCO_BASE_TYPE [const]& gv<DCO_BASE_TYPE, VECTOR_SIZE>::operator|[]
(unsigned int i) [const]

Returns reference to ith element of vector.

template <size_t m> subrange_t<m> subranges<m>(n)

Returns an iterable, which can in turn be used to iterate over the subranges. The range [0,n) is
equally divided into subranges of size m.

Comparison Operator

bitset<VECTOR_SIZE> operator>(gv<...>::type const& x, gv<...>::type const& y)

Returns bitset of size VECTOR_SIZE with ith element set to 1, if comparison operator of ith values
returns true; 0 otherwise. This is implemented for all comparison operators.

vmask(...)

gv<FLOAT_T,VECTOR_SIZE> vmask(std::bitset<VECTOR_SIZE> const& mask,
gv<FLOAT_T,VECTOR_SIZE> const& x)

Return a copy, with ith element of vector x to O if ith element of mask is 0; otherwise, doesn’t
touch the element. Overloads for bool and scalar types exist.

4.5 Vectorized Tangent Type
Example program can be found here: examples/gv_gtls

4.5.1 Purpose

The vector type can be used as base type for gtis.

Remarks

Please see remark in Sec. 4.4.1.
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4.5.2 Example

We consider the same examples as in Sec. 4.4.2.

The main program initializes the input variables with random numbers and sets input tangents

followed by calling the driver and printing the results.

int main() {
const int m = 12, n = 12;
cout.precision(5);
vector<double> xv(n), xt(n), yv(m), yt(m);
for (int i = 0; i < n; i++) {
xv[i] = sin(static_cast<double>(i + 1));
xt [i] 1;

}
driver(xv, xt, yv, yt);
for (int i = 0; i < m; i++)

The driver needs to initialized values and tangents of vectorized types correspondingly.

static const unsigned long VECTOR_SIZE = 8;
typedef gv<double, VECTOR_SIZE> DCO_BASE_MODE;
typedef DCO_BASE_MODE: :type DCO_BASE_TYPE;
typedef gtls<DCO_BASE_TYPE> DCO_MODE;

typedef DCO_MODE: :type DCO_TYPE;

void driver(const vector<double>& xv, vector<double>& xt, vector<double>& yv,

vector<double>& yt) {
const size_t n = xv.size();
DCO_TYPE vec_x, vec_y;
for (auto range : dco::subranges<VECTOR_SIZE>(n)) {
for (auto i : range) {
value(vec_x) [1.sub_index] = xv[i.global_index];
derivative(vec_x) [i.sub_index] = xt[i.global_index];
3
f(vec_x, vec_y);
for (auto i : range)
yv[i.global_index] = value(vec_y) [i.sub_index];
yt[i.global_index] = derivative(vec_y) [i.sub_index];

3

-~

}
}

#else
typedef double DCO_BASE_TYPE;

Without Diverging Control Flow

The following output is generated:

y[01=-0.516941929775134

[...]

y[11]=-0.357012857533553
y~{(1)}[0]=-0.517789731589026
[...]
y~{(1)}[11]=-0.907555941961519

nag



10

11

12

dco/c++ User Guide 32

With Diverging Control Flow

Driver and main function are unaltered compared to the previous section.

The following output is generated:

y[0]=0.21746389190323

[...]
y[11]=-0.357012857533553
y~{(1)}[0]=-2.09022771607514
[...]
y~{(1)}[11]=-0.907555941961519

4.6 Vectorized Adjoint Type

Example program can be found here: examples/gv_gals

4.6.1 Purpose

The vector type can be used as base type for gals. When recording a tape, the individual loop
iterations are not allowed to share active inputs.

Remarks

Vector type is currently only supported when using blob tape.

Please see remark in Sec. 4.4.1.

4.6.2 Example

We consider the same examples as in Sec. 4.4.2.

The main program initializes the input variables with random numbers and sets input and output
adjoints followed by calling the driver and printing the results.

int main() {
const int m = 12, n = 12;
cout.precision(5);
vector<double> xv(n), xa(n), yv(m), ya(m);
for (int i = 0; i < n; i++) {
xv[i] = sin(static_cast<double>(i + 1));

xal[i] = 1;

}

for (int i = 0; i < m; i++)
yali] = 1;

driver(xv, xa, yv, ya);

The driver needs to initialize values and adjoints of vectorized types correspondingly. In addition,
the correct global tape needs to be used.

static const unsigned long VECTOR_SIZE = 8;
typedef gv<double, VECTOR_SIZE> DCO_BASE_MODE;
typedef DCO_BASE_MODE: :type DCO_BASE_TYPE;
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typedef gals<DCO_BASE_TYPE> DCO_MODE;
typedef DCO_MODE: :type DCO_TYPE;
typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

void driver(const vector<double>& xv, vector<double>& xa, vector<double>& yv,

vector<double>& ya) {
DCO_MODE: :global_tape = DCO_TAPE_TYPE: :create();

const size_t n = xv.size();
DCO_TYPE vec_x, vec_y;
for (auto range : dco::subranges<VECTOR_SIZE>(n)) {
for (auto i : range) {
value(vec_x) [i.sub_index] = xv[i.global_index];
}
DCO_MODE: :global_tape->register_variable(vec_x);
f(vec_x, vec_y);
DCO_MODE: :global_tape->register_output_variable(vec_y);
for (auto i : range) {
yv[i.global_index] = value(vec_y) [i.sub_index];
derivative(vec_y) [i.sub_index] = yali.global_index];
derivative(vec_x) [i.sub_index] = xal[i.global_index];
}
DCO_MODE: :global_tape->interpret_adjoint () ;
for (auto i : range) {
yal[i.global_index] = derivative(vec_y) [i.sub_index];
xal[i.global_index] = derivative(vec_x) [i.sub_index];
}
DCO_MODE: : global_tape->reset();
}
DCO_TAPE_TYPE: : remove (DCO_MODE: : global_tape) ;
}
#else
typedef double DCO_BASE_TYPE;

Without Diverging Control Flow
The following output is generated:

y[0]=-0.516941929775134

[...]

y[11]=-0.357012857533553
x_{(1)}[0]=0.482210268410974
[...]
x_{(1)}[11]=0.0924440580384813

With Diverging Control Flow

Driver and main function are unaltered compared to the previous section.

The following output is generated:

y[01=0.21746389190323
[...]

nag =
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y[11]=-0.357012857533553
x_{(1)}[0]=-1.09022771607514
...]
x_{(1)}[111=0.0924440580384813

4.7 First-order Adjoint Mode: Blob/Chunk Tapes

4.7.1 Purpose
Blob tapes dynamically allocate an area of memory of specified size under the assumption that

the given target computation can be recorded within these bounds. Alternatively, an exception is
thrown, if running out of bounds.

Chunk tapes dynamically allocate chunks of memory of specified size. The chunk size is specified
at runtime when creating the tape; default chunk size is 128 MB. Filled chunks result in allocation
of new chunks up to the system memory bound. Corresponding bound checks are performed.

For enabling the chunk tape, compile with preprocessor define DCO_CHUNK_TAPE, i.e. with g++:
g++ main.cpp -DDCO_CHUNK_TAPE

All tapes (first- and higher-order, global and local) are switched to chunk tape.

4.7.2 Example

The user interfaces to both tape types are similar differing only in the syntax and semantic of
setting the tape and chunk sizes, respectively.

dco::tape_options o;
o.set_chunk_size_in_byte(1024); // for chunk tape
o.set_blob_size_in_mbyte(1); // for blob tape
DCO_M: :global_tape=DCO_TAPE_T: :create(0);
std::cout << o.chunk_size_in_byte() << std::endl;

A tape_options object allows for the chunk size to be specified, for example, one kilobyte. It is
passed as an argument to the tape creation routine. If blob tape is used, the blob tape size will
be one megabyte in this example.

4.7.3 Concepts introduced in this Section
dco: :tape_options

Tape configuration object.

size_t dco::tape_options::chunk_size_in_byte()

Get chunk size in bytes.

void dco::tape_options::set_chunk_size_in_kbyte(double)

Set chunk size in kilobytes.
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void dco::tape_options::set_chunk_size_in_mbyte(double)

Set chunk size in megabytes.

void dco::tape_options::set_chunk_size_in_gbyte (double)

Set chunk size in gigabytes.

size_t dco::tape_options::blob_size_in_byte()

Get blob size in bytes.

void dco::tape_options::set_blob_size_in_kbyte(double)

Set blob size in kilobytes.

void dco::tape_options::set_blob_size_in_mbyte(double)

Set blob size in megabytes.

void dco::tape_options::set_blob_size_in_gbyte(double)

Set blob size in gigabytes.

DCO_TAPE_TYPE: :create

Tape creator allows for tape_options object to be passed as an argument; returns pointer to tape
as DCO_TAPE_TYPEx.

4.8 First-order Adjoint Mode: File Tape

4.8.1 Purpose
File tapes are chunk tapes. Compile with preprocessor define DCO_CHUNK_TAPE, i.e. with g++:
g++ main.cpp -DDCO_CHUNK_TAPE

The chunk tape dynamically allocates chunks of memory of specified size. The chunk size is
specified at runtime when creating the tape; default chunk size is 128MB. Filled chunks result
in offloading to disk followed by creation of new chunks within the previously allocated memory.
Corresponding bound checks are performed.

Chunks are read from disk during tape interpretation. All corresponding files are deleted when
the tape is removed.

Second- and higher-order adjoint work correspondingly.

4.8.2 Example

The user interface to file tapes is similar to chunk tapes differing only in the internal handling of
the chunks as outlined above.
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dco::tape_options o;

o.write_to_file()=true;
o.set_chunk_size_in_byte(1024);

DCO_M: :global_tape=DCO_TAPE_T::create(0);
std::cout << o.chunk_size_in_byte() << std::endl;

DCO_TAPE_T: :remove (DCO_M: : global_tape) ;

For example, a tape of an overall size of 3.5kB results in a total of four chunks, three of which are
offloaded to disk during recording.

4.8.3 Concepts introduced in this Section

The functionality of chunk tapes is extended to make use of the available disk memory in addition
to the main memory.

4.9 First-order Adjoint Mode: Tape Data Types

4.9.1 Purpose

Individual types for function values, partial derivatives and adjoints can be specified allowing,
for example, tape recording in a lower precision followed by propagation of adjoints in interval
arithmetic assuming that an appropriate interval data type is available.

See Ch. 4.2 for general information on first-order adjoint mode.

4.9.2 Example

Example Text

Replace lines 7-10 in the driver in Sec. 4.46.2 with

typedef long double DCO_VALUE_TYPE;

typedef double DCO_PARTIAL_TYPE;

typedef float DCO_ADJOINT_TYPE;

typedef gals<DCO_VALUE_TYPE,DCO_PARTIAL_TYPE,DCO_ADJOINT_TYPE> DCO_MODE;
typedef DCO_MODE: :type DCO_TYPE;

typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

When printing the results in the main program, the expected accuracy is taken into account.
FEighteen significant digits can be expected for the function values while the accuracy of the
adjoints is reduced to six significant digits.

#include <iostream>
#include <vector>
using namespace std;

#include "driver.hpp"

int main() {
const int n=4, m=2;
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vector<double> xv(n), xa(n), yv(m), ya(m);
for (int i=0;i<n;i++) { xv[il=1; xalil=1; }
for (int i=0;i<m;i++) yalil=1;
driver(xv,xa,yv,ya);
cout.precision(18);
for (int i=0;i<m;i++)

cout << "y[" << i << "]=" << yv[i] << endl;
cout.precision(6);
for (int i=0;i<n;i++)

cout << "x_{()F[" << i << "]=" << xa[i] << endl;
return 0;

Example Results

The following output is generated:

y[0]=-2.79401891249194989
y[11=-2.79401891249194989
x_{(1)}[0]=-4.58804
x_{(1)}[1]=-11.8191
x_{(1)}[2]=23.0501
x_{(1)}[3]=23.0501

4.9.3 Concepts introduced in this Section

gals<DCO_VALUE_TYPE,DCO_PARTIAL_TYPE,DCO_ADJOINT_TYPE>

Generic first-order adjoint scalar mode with separate data types for function values DCO_VALUE_TYPE,

partial derivative (DCO_PARTIAL_TYPE) and adjoints (DCO_ADJOINT_TYPE).

4.10 Second-order Tangent Mode

Example program can be found here: examples/gt2s_gtis

4.10.1 Purpose

The second-order tangent version

Yy
1

(1)
i(” = £02) (5, x®) x(1) x(12))
y(1.2)
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resulting from the application of dco/c++ to a multivariate vector function f : R — R™ y = f(x),
computes

y = f(x)
@ ._ 9 @
y2 ._<({9X, 2>

of
W . 2L @

01 Ji
(1,2) . (2L (1) (2 24 (1,2)
y2 = (5 X, x®) 4 (ZL x02),

4.10.2 Example

For the same function f : R* — R? used in Ch. 4.1 the driver computes (4.3) for x= xv, x(V=
xt1, xP= xt2, x12D= 34162, y= yv, yW= ye1, y* = yt2, and y1D= ye1t2.

#include <iostream>
#include "dco.hpp"

using namespace std;

using namespace dco;

typedef gtls<double> DCO_BASE_MODE;
typedef DCO_BASE_MODE: :type DCO_BASE_TYPE;
typedef gtl1s<DCO_BASE_TYPE> DCO_MODE;
typedef DCO_MODE: :type DCO_TYPE;

#include "f.hpp"

void driver(const vector<double>& xv, const vector<double>& xt1,
const vector<double>& xt2, const vector<double>& xt1t2,
vector<double>& yv, vector<double>& ytl, vector<double>& yt2,
vector<double>& ytit2) {
const size_t n = xv.size(), m = yv.size();
vector<DCO_TYPE> x(n), y(m);
for (size_t i = 0; i < n; i++) {
value(value(x[i])) = xv[il;
derivative(value(x[i])) = xt1[il;
value(derivative(x[i])) = xt2[i];
derivative(derivative(x[i])) = xt1t2[i];
}
f(x, y);
for (size_t i = 0; i < m; i++) {
yv[i] = passive_value(y[il);
yt1[i] = derivative(value(y[il));
yt2[i] = value(derivative(y[il));
yt1t2[i]l = derivative(derivative(y[il));
}
}

The main program initializes all variables on the right-hand side of (4.3) followed by calling the
driver and printing the results.

#include <iostream>
#include <vector>
using namespace std;
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#include "driver.hpp"

int main() {
const int n = 4, m = 2;
cout.precision(5);
vector<double> xv(n), xti(n), xt2(n), xtit2(n);
vector<double> yv(m), yti(m), yt2(m), ytit2(m);
for (int i = 0; i < n; i++) {
xv[i] = 1;
xt1[i] =1
xt2[i] = 1;
xt1t2[i] =
}
driver(xv, xtl, xt2, xtlt2, yv, ytl, yt2, ytit2);
for (int i = 0; i < m; i++)
cout << "y[" << i << "]=" << yv[i] << endl;
for (int i = 0; i < m; i++)
cout << "y {(1)F[" << i << "]=" << yt1[i] << endl;
for (int i = 0; i < m; i++)
cout << "y {(2)}[" << i << "]=" << yt2[i] << endl;
for (int i = 0; i < m; i++)
cout << "y {(1,2)}[" << i << "]=" << yt1t2[i] << endl;
return 0;

}

The following output is generated:
y[0]1=-2.79401891249195

y[1]1=-2.79401891249195
y~{(1)}[0]=14.2435494001203

vy {(1)}[1]1=11.4495304876283
y~{(2)}[0]=14.2435494001203

vy {(2)}[1]1=11.4495304876283
y~{(1,2)}[0]=-149.94964806237

y {(1,2)}[1]=-124.256568174621

4.10.3 Concepts introduced in this Section

passive_value

Returns reference to passive value (value of value for second derivative types) of argument.

4.11 Second-order Adjoint Mode

Example program can be found here: examples/gt2s_gals
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4.11.1 Purpose

The second-order adjoint version

y
(2)

y (2 @) ©) 2) (2)

XEI% = f(l) (X,X 7X(1)7X(1)ayay ay(1)7y(1))
2

X

resulting from the application of dco/c++ to a multivariate vector function f : R™ — R™ y = f(x),
computes

y = f(x)
@ ._ 9 @
y2 ._<3X7 2>

of (4.4)
x1) = x1) + (¥, 8§>

@ ._ (@2 2) 9f D*f
X = X0+ ¥y 50 Ty, @,X@)W

4.11.2 Example

For a similar function f : R* — R used in Ch. 4.1 (the two outputs are just added up) the main
program computes the Hessian.

// This exzample demostrates bastc use of 2nd order adjoint mode. It computes the
// nzn Hessian by letting the input tangents iterate over the

// Cartestian basis vectors in R°n.

#include "dco.hpp"

// Implementation of y = f(x), which we differentiate in main.
//mo= 4, m=1.
// NOTE: We’ve change the function to only have a single output.
template <typename T> T f(const std::vector<T>& x) {

std: :vector<T> y(2);

T v = tan(x[2] * x[3]);
Tw=x[1] - v;

y[0]l = x[0] * v / w;
y[11 = y[0] * x[1];

return y[0] + y[1];
}

int main() {
// Using second-order adjoint mode.
constexpr std::size_t n = 4;
using mode_t = dco::gals<dco::gtls<double>::type>;
using type = mode_t::type;

// Inputs.
std: :vector<type> x(n, 1.0);

mode_t::global_tape = mode_t::tape_t::create();

// Iterate over the Cartesian basis wectors inm R m.
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for (std::size_t j = 0; j < n; ++j) {
mode_t: :global_tape->register_variable(x);

// Seed j-th Cartesian basis vector to the output adjoints.
dco::derivative(dco::value(x[jl)) = 1.0;

// Record tape for f. This is only required once!
auto y = f£(x);

// Print output value.
if (j =0 {
std::cout << "y = " << y << std::endl;

3

mode_t: :global_tape->register_output_variable(y);
dco::derivative(y) = 1.0;

// Interpret the tape for j-th output.
mode_t: :global_tape->interpret_adjoint();

// Print Hessian line by line.

std::cout << "ddy[" << j << "] = [ "
for (std::size_t i = 0; i < n; ++i) {
std::cout << dco::derivative(dco::derivative(x[i])) << " ";

}

std::cout << "]" << std::endl;

// Reset all adjoints to zero.
mode_t: :global_tape->reset();
dco::derivative(dco::value(x[jl)) = 0.0;

}

mode_t: :tape_t::remove(mode_t::global_tape);

return 0;
}
y = -5.58804
ddy[0] = [ 0 -12.8191 22.0501 22.0501 ]
ddy[1] = [ -12.8191 -45.9953 112.192 112.192 ]
ddy([2] = [ 22.0501 112.192 -202.333 -180.283 ]
ddy[3] = [ 22.0501 112.192 -180.283 -202.333 ]

4.11.3 Concepts introduced in this Section

None.

4.12

Approximate Second-order Adjoint Mode

Example program can be found here: examples/fd_gals
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4.12.1 Purpose

The approximate second-order adjoint version

y
(2)

y (2 @) ©) 2) (2)

XEl% = f(l) (X,X 7x(1)7x(1)ayay ay(1)7y(1))
2

X

resulting from the application of finite differences to a dco/c++ first-order adjoint version of a
multivariate vector function f:R"™ — R™ y = f(x), computes

of
X1y = x(1) +{y ), a§>

@) . (2 2 Of 9% f
x(0) X0 + (V) g0) Y 55z x )

4.12.2 Example

#include <vector>
#include "dco.hpp"

using namespace std;
using namespace dco;

typedef double DCO_BASE_TYPE;

typedef gals<DCO_BASE_TYPE> DCO_MODE;
typedef DCO_MODE: :type DCO_TYPE;
typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

#include "f.hpp"

void driver(const vector<double>& xv, vector<double>& xa, vector<double>& yv,
vector<double>& ya) {
DCO_MODE: :global_tape = DCO_TAPE_TYPE: :create();
size_t n = xv.size(), m = yv.size(Q);
vector<DCO_TYPE> x(n), y(m);
for (size_t i = 0; i < n; i++) {
x[i] = xv[i];
DCO_MODE: :global_tape->register_variable(x[i]);
}
f(x, y);
for (size_t i = 0; i < m; i++) {
DCO_MODE: :global_tape->register_output_variable(y[il);
yv[i]l = value(y[il);
derivative(y[i]) = yalil;
}
for (size_t i = 0; i < n; i++)
derivative(x[i]) = xalil;
DCO_MODE: :global_tape->interpret_adjoint();
for (size_t i = 0; i < n; i++)
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xa[i] = derivative(x[il);
for (size_t i = 0; i < m; i++)
yal[il = derivative(y[i]);
DCO_TAPE_TYPE: : remove (DCO_MODE: : global_tape) ;
}

#include <cfloat>

void fd_driver(const vector<double>& xv, vector<double>& xa,
vector<double>& xalt2x, vector<double>& yv, vector<double>& yt2x,
vector<double>& ya) {
size_t n = xv.size(), m = yv.size();
vector<double> h(n), xap(n), xvp(n), yvp(m), yap(m);
for (size_t i = 0; i < m; i++)
yaplil = yalil;
for (size_t i = 0; 1 < n; i++) {
xap[i] = xalil;
h[i] = (xv[i] == 0) ? sqrt(DBL_EPSILON) : sqrt(DBL_EPSILON) * abs(xv[i]);
xvpl[il = xv[i] + h[il;
}
driver(xv, xa, yv, ya);
driver(xvp, xap, yvp, yap);
for (size_t i = 0; i < m; i++)
yt2x[i] = (yvplil - yv[il) / hlil;
for (size_t i = 0; i < n; i++)
xalt2x[i] = (xapli] - xalil) / h[il;

#include <iostream>
#include <vector>
using namespace std;

#include "driver.hpp"

int main() {
const int n = 4, m = 2;
cout.precision(5);
vector<double> xv(n), xa(n), xalt2x(n), yv(m), yt2x(m), ya(m);
for (int i = 0; i < n; i++) {

xv[i] = 1;
xal[i] = 1;

}

for (int i = 0; i < m; i++)
yalil = 1;

fd_driver(xv, xa, xalt2x, yv, yt2x, ya);
for (int i = 0; i < m; i++)
cout << "y[" << i << "]=" << yv[i] << endl;
for (int i = 0; i < n; i++)
cout << "x_{(1)}[" << i << "]=" << xa[i] << endl;
for (int i = 0; i < m; i++)

cout << "y {(2)}[" << i << "]7=" << yt2x[i] << endl;
for (int i = 0; i < n; i++)
cout << "x_{(DFI{(2)}[" << i << "]7=" << xalt2x[i] << endl;
return O;
: B e | RWWTH
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}

The following output is generated

y[01=-2.79401891249195
y[1]1=-2.79401891249195
x_{(1)}[0]1=-4.5880378249839
x_{(1)}[1]=-11.8190644542335
x_{(1)}[2]=23.050091083483
x_{(1)}[3]1=23.050091083483
y~{(2)}[0]~=14.2435482144356
y~{(2)}[1]1~=11.4495295286179
x_{(1)}{(2)}[0]~=31.2811151146889
x_{(1)3{(2)}[1]~=165.569020390511
x_{(1)F{(2)}[2] ~=-248.374695301056
x_{(1) 3} {(2)}[3]1"=-248.374695301056

4.12.3 Concepts introduced in this Section

None.

4.13 Third-order Tangent Mode

Example program can be found here: examples/gt3s_gt2s_gtls

4.13.1 Purpose

The second-order tangent version

y
y®)

¥
y(1:3)
e
(2:3)
y(1.:2)
y(1,2,3)

nag
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of a multivariate vector function f:R"™ — R™, y = f(x), computes

y = f(x)
v = <%7x<3>>
v .= <%7x<2>>
42 .= <g,x<2>7x<3>> N <%,X<2,3>>
v = <%7X<1>>
g1 = <g,x(1>7x<3>> n <%,X(1,3)>

0% f of
y (12 = (@,x(l),x(% + <87 x(1’2)>

3

02 f o2 f Rf
Y29 = (S X0 X, x ) 4 (S5 x 09, x2) 4 (S5 xD), xC3)

i of
(1.2) () (1,2,3)
+<8X2)X 7X >+<6X7X >'
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4.13.2 Example

#include <iostream>
#include "dco.hpp"

using namespace std;
using namespace dco;

typedef gtls<double> DCO_BASE_BASE_MODE;

typedef DCO_BASE_BASE_MODE: :type DCO_BASE_BASE_TYPE;
typedef gtls<DCO_BASE_BASE_TYPE> DCO_BASE_MODE;
typedef DCO_BASE_MODE: :type DCO_BASE_TYPE;

typedef gtls<DCO_BASE_TYPE> DCO_MODE;

typedef DCO_MODE: :type DCO_TYPE;

#include "f.hpp"

void driver(const vector<double>& xv, const vector<double>& xt3,
const vector<double>& xtl, const vector<double>& xt1t3,
const vector<double>& xt2, const vector<double>& xt2t3,
const vector<double>& xtlt2, const vector<double>& xtl1t2t3,
vector<double>& yv, vector<double>& yt3, vector<double>& ytil,
vector<double>& ytlt3, vector<double>& yt2, vector<double>& yt2t3,
vector<double>& ytlt2, vector<double>& yti1t2t3) {
const size_t n = xv.size(), m = yv.size();
vector<DCO_TYPE> x(n), y(m);
for (size_t i = 0; i < n; i++) {
value(value(value(x[i]))) = xv[il;
value(value(derivative(x[i]))) = xt1[il;
value (derivative (value(x[i]))) xt2[i];
derivative(value(value(x[i]))) = xt3[il;

value (derivative(derivative(x[i]))) = xt1t2[i];
derivative(derivative(value(x[i]))) = xt2t3[i];
derivative(value(derivative(x[i]))) = xt1t3[i];

derivative(derivative(derivative(x[i]))) = xt1t2t3[i];
}
f(x, y);
for (size_t j = 0; j < m; j++) {
yt1t2t3[j] = derivative(derivative(derivative(y[j1)));
yt2t3[j] = derivative(derivative(value(y[jl)));
yt1t3[j] = derivative(value(derivative(y[jl)));
yt1t2[j] = value(derivative(derivative(y[j])));
yt1[j] = value(value(derivative(y[jl1)));
yt2[j] = value(derivative(value(y[j1)));
yt3[j] = derivative(value(value(y[jl)));
yv[j]l = value(value(value(y[j1)));

#include <iostream>
#include <vector>
using namespace std;

#include "driver.hpp"
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int main() {
const int n = 4, m = 2;
cout.precision(5);

vector<double> x(n), xt3(n), xtl(n), xtl1t3(n), xt2(n), xt2t3(n), xt1t2(n),

xt1t2t3(n);

vector<double> y(m), yt3(m), yti(m), yti1t3(m), yt2(m), yt2t3(m), ytit2(m),

yt1t2t3(m) ;
for (int i = 0; i < n; i++)

x[i] = xt3[i] = xt1[i] = xt1t3[i] = xt2[i] = xt2t3[i] = xt1t2[i] =

xt1t2t3[i] = 1;

driver(x, xt3, xtl, xt1t3, xt2, xt2t3, xti1t2, xt1t2t3, y, yt3, ytl, ytlt3,

yt2, yt2t3, ytit2, ytlt2t3);

for (int j = 0; j < m; j++)

cout << "y[" << j << "]=" << y[j] << endl;
for (int j = 0; j < m; j++)

cout << "y {(3)}I[" << j << "]=" << yt3[j] << endl;
for (int j = 0; j < m; j++)

cout << "y {(1)F[" << j << "I=" << yt1[j] << endl;
for (int j = 0; j < m; j++)

cout << "y {(1,3)}[" << j << "]=" << yt1t3[j] << endl;
for (int j = 0; j < m; j++)

cout << "y {(2)}[" << j << "]=" << yt2[j] << endl;
for (int j = 0; j < m; j++)

cout << "y {(2,3)F[" << j << "]=" << yt2t3[j] << endl;
for (int j = 0; j < m; j++)

cout << "y T{(1,2)}[" << j << "]=" << yt1t2[j] << endl;
for (int j = 0; j < m; j++)

cout << "y {(1,2,3)}[" << j << "]=" << yt1t2t3[j] << endl;
return 0;

}

The following output is generated:

y[0]=-2.79401891249195
y[11=-2.79401891249195
y~{(3)}[0]1=14.2435494001203
y~{(3)}[1]1=11.4495304876283
y~{(1)}[0]=14.2435494001203
y~{(1)}[11=11.4495304876283
y~{(1,3)}[0]=-149.94964806237
y~{(1,3)}[1]=-124.256568174621
y~{(2)}[0]1=14.2435494001203
y~{(2)}[11=11.4495304876283
y~{(2,3)}[0]=-149.94964806237
y~{(2,3)}[1]=-124.256568174621
y~{(1,2)}[0]1=-149.94964806237
y~{(1,2)}[1]=-124.256568174621
y~{(1,2,3)}[0]=2486.48615431459
y~{(1,2,3)}[11=2079.36785832784

4.13.3 Concepts introduced in this Section

None.

nag w:
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4.14 Third-order Adjoint Mode
Example program can be found here: examples/gt3s_gt2s_gals
4.14.1 Purpose
The third-order adjoint version
y
y@
y (23
XElg = ((12)73) (X7 X(S)a X(2) ) X(273)7 X(1)» XE?% ) ngv XE?;S)a Y, y(3)7 Y(Q) ) y(273)7 Y1), yggv yggygig))
3
0
2
*a)
«x(23)
1)

of a multivariate vector function f:R"™ — R™  y = f(x), computes

y = f(x)
v = <%’X<3)>
v = <%’X<2)>
423 .= <%7x<2>7x<3>> N <g{7x<2,3)>
x(1) = Xq) + (Y1), Z*Q
x(h) = x() + (1), %{Q + o, %vx(3)>
x(3) = X0 + (Y0 %Q + o, %,x@))
= 020+ 0 T+ i
¥ 0 X (@) + (v, 2L 20,
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4.14.2 Example

#include <iostream>
#include <vector>
#include "dco.hpp"

using namespace std;
using namespace dco;

typedef gtls<double> DCO_BASE_BASE_MODE;

typedef DCO_BASE_BASE_MODE: :type DCO_BASE_BASE_TYPE;
typedef gtls<DCO_BASE_BASE_TYPE> DCO_BASE_MODE;
typedef DCO_BASE_MODE: :type DCO_BASE_TYPE;

typedef gals<DCO_BASE_TYPE> DCO_MODE;

typedef DCO_MODE: :type DCO_TYPE;

typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

#include "f.hpp"

void driver(const vector<double>& xv, const vector<double>& xt3,

const vector<double>& xt2, const vector<double>& xt2t3,

vector<double>& xal, vector<double>& xalt3, vector<double>& xalt2,

vector<double>& xalt2t3, vector<double>& yv, vector<double>& yt3,
vector<double>& yt2, vector<double>& yt2t3, vector<double>& yal,
vector<double>& yalt3, vector<double>& yalt2,

vector<double>& yalt2t3) {

DCO_MODE: :global_tape = DCO_TAPE_TYPE: :create();
const size_t n = xv.size(), m = yv.size();
vector<DCO_TYPE> x(n), y(m);

for (size_t i = 0; i < n; i++) {

}

DCO_MODE: :global_tape->register_variable(x[i]);
value(value(value(x[i]))) = xv[il;
derivative(value(value(x[i]))) = xt3[i];
value(derivative(value(x[i]))) = xt2[il;
derivative(derivative(value(x[i]))) = xt2t3[i];

f(x, y);
for (size_t i = 0; i < n; i++) {

}

value(value(derivative(x[i]))) = xalt3[i];
derivative(value(derivative(x[i]))) = xalt3[i];
value(derivative(derivative(x[i]))) = xalt2[i];
derivative(derivative(derivative(x[i]))) = xalt2t3[i];

for (size_t i = 0; i < m; i++) {

yv[i] = value(value(value(y[i]l)));

yt3[i] = derivative(value(value(y[il)));

yt2[i] = value(derivative(value(y[il)));

yt2t3[i] = derivative(derivative(value(y[i])));
DCO_MODE: :global_tape->register_output_variable(y[il);
derivative(derivative(derivative(y[i]))) = yalt2t3[i];
value(derivative(derivative(y[i]))) = yalt2[i];
derivative(value(derivative(y[i]))) = yalt3[i];
value(value(derivative(y[il))) = yallil;
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DCO_MODE: :global_tape->interpret_adjoint();
for (size_t i = 0; i < n; i++) {

xalt2t3[i] = derivative(derivative(derivative(x[i])));

xalt2[i]
xalt3[i]
xalli] =

3

= value(derivative(derivative(x[i])));
derivative(value(derivative(x[il)));
value (value(derivative(x[i])));

for (size_t i = 0; i < m; i++) {

yalt2t3[i] = derivative(derivative(derivative(y[i])));

yalt2[i]

yalt3[i]

yall[i] =
}

value(derivative(derivative(y[i])));
= derivative(value(derivative(y[i]l)));
value(value(derivative(y[i])));

DCO_TAPE_TYPE: : remove (DCO_MODE: : global_tape) ;

#include <iostream>
#include <vector>
using namespace std;

#include "driver.hpp"

int main() {

const int n = 4, m = 2;

vector<double> x(n), xt3(n), xal(n), xalt3(n), xt2(n), xt2t3(n), xalt2(n),

xalt2t3(n);

vector<double> y(m), yt3(m), yal(m), yalt3(m), yt2(m), yt2t3(m), yalt2(m),

yalt2t3(m) ;
// initialization of inputs

for (int i

x[i] = xt3[i] = xt2[i] = xt2t3[i] = xall[i] = xalt3[il

=0; i < n; i++)

xalt2t3[i] = 1;

for (int j
yalljl =
// driver

driver(x, xt3, xt2, xt2t3, xal, xalt3, xalt2, xalt2t3, y, yt3, yt2, yt2t3,
yal,

// results
for (int j

=0; j <mj j++)
yalt3[j] = yalt2[j] = yalt2t3[j] = 1;

yalt3, yalt2, yalt2t3);

=0; j <m; j++)

cout << "y[" << j << "]=" << y[j] << endl;

for (int j

=0; J <m5 j++)

cout << "y {(3)}[" << j << "]=" << yt3[j] << endl;

for (int i

=0; 1 < n; i++)

cout << "x_{(1)F[" << i << "]=" << xal[i] << endl;

for (int i

cout << "x_{(1)F{(3)}[" << i << "]=" << xalt3[i] << endl;

for (int j

=0; i < n; i++)

=05 j <m; j+H)

cout << "y {(DI[" << j << "I=" << yt2[j] << endl;

for (int j

cout << "y {(2,3)}[" << j << "]=" << yt2t3[j] << endl;

for (int i

cout << "x_{(D)F {(2)}[" << i << "]=" << xalt2[i] << endl;

for (int i

=0; j <m; j++)
=0; i < n; i++)

=0; i < n; i++)

cout << "x_{(1)F " {(2,3)F[" << i << "]=" << xalt2t3[i] << endl;

nag

[
i

Software and

for Computational
Engineering

Tools

xalt2[i] =



39

40

41

42

43

44

46

47

48

dco/c++ User Guide 51

for (int j = 0; j < m; j++)

cout << "y_{(1)}I[" << j << "]=" << yal[j] << endl;
for (int j = 0; j < m; j++)

cout << "y _{(1F{(DI[" << j << "J=" << yalt3[j] << endl;
for (int j = 0; j < m; j++)

cout << "y_{(D)F{(2D}I[" << j << "]=" << yalt2[j] << endl;
for (int j = 0; j < m; j++)

cout << "y_{(D}I{(2,3)}[" << j << "]=" << yalt2t3[j] << endl;
return 0;

}

The following output is generated:

y[01=-2.79402
y[11=-2.79402
y~{(3)}[0]=14.2435
y~{(3)}[1]1=11.4495
x_{(1)}[0]=-4.58804
x_{(1)}[1]=-11.8191
x_{(1)}[2]=23.0501
x_{(1)}[3]=23.0501
x_{(1)3}{(3)}[01=26.6931
x_{(1)}"{(3)}[11=153.75
x_{(1)}"{(3)}[2]=-225.325
x_{(1)}"{(3)}[3]=-225.325
y~{(2)}[0]=14.2435

y {(2)}[1]1=11.4495
y~{(2,3)}[0]=-149.95
y~{(2,3)}[1]1=-124.257
x_{(1)}{(2)}[0]1=26.6931
x_ {3} {(2)}[11=153.75
x_{(1}I"{(2)}[2]=-225.325
x_{(1)}"{(2)}[3]1=-225.325
x_{(1)}{(2,3)}[0]=-273.206
x_{(1)}{(2,3)}[1]1=-2503.41
x_{(1)}"{(2,3)}[2]1=3686.08
x_{(1)}{(2,3)}[3]1=3686.08
y_{(1)}[0]=1

y_{(D}I[1]=1
y_{(W I {3)r0]=1

y_ {3 {3} [1]1=1
y_{(WI{@3r[0]=1
y_{(WI{@}[1]1=1
y_{(13}I"{(2,3)}[0]=1
y_{(W3}I{(2,3)}[1]1=1

4.14.3 Concepts introduced in this Section

None.

4.15 First-order Tangent Vector Mode
Example program can be found here: examples/gtiv
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4.15.1 Purpose

The first-order vector tangent version

<Y}(,1)> = f(l) (X, X(l))

of a multivariate vector function f:R"™ — R™ y = f(x), computes

y = f(x)
af
Y X

4.15.2 Example

// This exzample demostrates bastic use of tangent vector mode. It
// computes the mxn Jacobian by seeding the input tangents to the
// tdentity matriz in R n.

#include "dco.hpp"

// Implementation of y = f(xz), which we differentiate in main.
//n=4, m=2.
template <typename T> std::vector<T> f(const std::vector<T>& x) {
std: :vector<T> y(2);
T v = tan(x[2] * x[3]);
Tw=x[1] - v;
y[0] = x[0] * v / w;
y[1] = y[o] * x[1];
return y;

}

int main() {
// Using first-order tangent vector mode.
constexpr std::size_t n =4, m = 2;
using mode_t = dco::gtlv<double, n>;
using type = mode_t::type;

// Inputs.
std: :vector<type> x(n, 1.0);

// Seed tdentity matriz to the tinput tangents.
for (std::size_t i = 0; i < n; ++i) {
dco::derivative(x[i]) [i] = 1.0;

3

// Evaluate function only once. Implicitly performs Jacobian matriz
// product, the matriz being the identity in R°n.
auto y = f(x);

// Print output values.

std::cout << "y = [ ";

for (auto const& yi : y) {
std::cout << yi << " ";

}
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std::cout << "]" << std::endl;

// Print Jacobian.
for (std::size_t i = 0; i < n; ++i) {
std::cout << "dy / dx[" << i << "] = [ "
for (std::size_t j = 0; j < m; ++j) {
std::cout << dco::derivative(y[j])[i] << " ";
}

std::cout << "]" << std::endl;

return O;

}

The following output is generated:

y = [ -2.79402 -2.79402 ]

dy / dx[0] = [ -2.79402 -2.79402 ]
dy / dx[1] = [ -5.01252 -7.80654 ]
dy / dx[2] = [ 11.025 11.025 ]
dy / dx[3] = [ 11.025 11.025 ]

4.15.3 Concepts introduced in this Section
derivative

Returns reference to vector of derivatives of argument; individual elements of returned object can
be accessed through DCO_BASE_TYPE& operator[] (int);.

4.16 First-order Adjoint Vector Mode

Example program can be found here: examples/galv

4.16.1 Purpose

The first-order vector adjoint version

y
= Xy, Y
(X(1>) fay(x, Xy, ¥, Ya)

resulting from the application of dco/c++ to a multivariate vector function f : R® — R™,y = f(x),
computes

o of\" (4.6)
Xy =Xy + ¥y 50 =X+ (5] Yo

4.16.2 Example

// This exzample demostrates bastic use of adjoint vector mode. It
// computes the mzn Jacobian by seeding the output adjoints to the
// identity matriz in R°m.
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#include "dco.hpp"

// Implementation of y = f(z), which we differentiate in main.

// =4, m=2.

template <typename T> std::vector<T> f(const std::vector<T>& x) {

std: :vector<T> y(2);

T v = tan(x[2] * x[3]);
Tw=x[1] - v;

y[0] = x[0] * v / w;
y[1] = y[0] * x[1];
return y;

}

int main() {
// Using first-order adjoint vector mode.
constexpr std::size_t n =4, m = 2;
using mode_t = dco::galv<double, m>;
using type = mode_t::type;

// Inputs.
std: :vector<type> x(n, 1.0);

mode_t: :global_tape = mode_t::tape_t::create();
mode_t: :global_tape->register_variable(x);

// Record tape for f. Thts ts only required once!
auto y = £(x);

mode_t: :global_tape->register_output_variable(y) ;

// Seed tdentity matriz in the output adjoints.

for (std::size_t i = 0; 1 < m; ++i) {
dco::derivative(y[i]) [i] = 1.0;

}

// Interpret the tape. Also only once! Implicitly performs the
// transpoed Jacobian matriz product, the matriz being the tdentity

// in R°m.
mode_t: :global_tape->interpret_adjoint();

// Print output values.

std::cout << "y = [ ";

for (auto const& yi : y) {
std::cout << yi << " "y

}

std::cout << "]" << std::endl;

// Print Jacobian.
for (std::size_t j = 0; j < m; ++j) {
std::cout << "dy[" << j << "] = [ "
for (std::size_t i = 0; i < n; ++i) {
std::cout << dco::derivative(x[i]) [j] << " ";
}
std::cout << "]" << std::endl;
}
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mode_t: :tape_t: :remove(mode_t::global_tape);
return 0;

}

The following output is generated:

y = [ -2.79402 -2.79402 ]
dy [0] [ -2.79402 -5.01252 11.025 11.025 ]
dy[1] [ -2.79402 -7.80654 11.025 11.025 ]

4.16.3 Concepts introduced in this Section

None.

4.17 Adjoint First-order Scalar Mode: Multiple Tapes

Example program can be found here: examples/galsm

4.17.1 Purpose

The dco/c++ type galsm<DCO_BASE_TYPE>::type enables the use of multiple tapes in adjoint
first-order scalar mode.

4.17.2 Example

For the same function f : R* — R? used in Ch. 4.1 the driver computes (4.2) for x= xv, X(1)=
xa, y= yv, and y)= ya.

#include <vector>
#include "dco.hpp"

using namespace std;
using namespace dco;

typedef double DCO_BASE_TYPE;

typedef galsm<DCO_BASE_TYPE> DCO_MODE;
typedef DCO_MODE: :type DCO_TYPE;
typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

#include "f.hpp"

void driver(const vector<double>& xv, vector<double>& xa, vector<double>& yv,
vector<double>& ya) {
DCO_TAPE_TYPE* tape = DCO_TAPE_TYPE::create();
size_t n = xv.size(), m = yv.size();
vector<DCO_TYPE> x(n), y(m);
for (size_t i = 0; i < n; i++) {
x[i] = xv[i];
tape->register_variable(x[i]);
}
f(x, y);
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for (size_t i = 0; i < m; i++) {
tape->register_output_variable(y[i]);

yv[i] = value(y[il);
derivative(y[il) = yalil
}
for (size_t i = 0; i < n;
derivative(x[i]) = xali]
tape->interpret_adjoint();
for (size_t i = 0; i < n;
xal[i] = derivative(x[il])
for (size_t i = 0; 1 < m;
yal[i] = derivative(y[il])
DCO_TAPE_TYPE: :remove (tape
}

5
i++)
H
i++)
5
i++)

>

)

The main program initializes all variables on the right-hand side of (4.2) followed by calling the

driver and printing the results.

#include <iostream>
#include <vector>
using namespace std;

#include "driver.hpp"
int main() {

const int n = 4, m = 2;
cout.precision(5);

vector<double> xv(n), xa(n), yv(m), ya(m);

for (int i = 0; i < n; i++
xv[i] = 1;
xal[i] = 1;

}

for (int i = 0; i < m; i++
yali]l = 1;

driver(xv, xa, yv, ya);
for (int i = 0; i < m; i++

cout << "y[" << i << "]=" << yv[i] << endl;

for (int i = 0; i < n; i++

cout << "x_{(1)}[" << i << "]=" << xal[i] << endl;

return O;

}

) A

)

)

)

The following output is generated:

y[0]=-2.79401891249195
y[1]1=-2.79401891249195
x_{(1)}[0]=-4.5880378249839
x_{(1)}[1]1=-11.8190644542335
x_{(1)}[2]=23.050091083483
x_{(1)}[3]1=23.050091083483
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4.17.3 Concepts introduced in this Section
galsm<DCO_BASE_TYPE>

Generic adjoint first-order scalar mode enabling use of multiple tapes.

galsm<DCO_BASE_TYPE>::type

Generic adjoint first-order scalar type enabling use of multiple tapes.

DCO_TAPE_TYPE: :create

Tape creator returns pointer to local tape as DCO_TAPE_TYPEx.

DCO_TAPE_TYPE: :remove

Deallocates local tape.

4.18 First-order Adjoint Vector Mode: Multiple Tapes

Example program can be found here: examples/galvm

4.18.1 Purpose

The dco/c++ type galvm<DCO_BASE_TYPE>::type enables the use of multiple tapes in adjoint
first-order vector mode.

4.18.2 Example

This example assumes access to the header-only version of dco/c++.

#include <vector>
#include "dco.hpp"

using namespace std;
using namespace dco;

const std::size_t 1 = 5;

typedef double DCO_BASE_TYPE;

typedef galvm<DCO_BASE_TYPE, 1> DCO_MODE;
typedef DCO_MODE: :type DCO_TYPE;

typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

#include "f.hpp"

void driver(const vector<double>& xv, vector<vector<double>>& xa,
vector<double>& yv, vector<vector<double>>& ya) {
DCO_MODE: :tape_t* tape = DCO_TAPE_TYPE::create();
size_t n = xv.size(), m = yv.size();
vector<DCO_TYPE> x(n), y(m);
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for (size_t i = 0; i < n; i++) {
x[i] = xv[i];
tape->register_variable(x[i]);
}
f(x, y);
for (std::size_t i = 0; i < m; i++) {
tape->register_output_variable(y[i]);
yv[i] = value(y[il);
for (std::size_t j = 0; j < 1; j++)
derivative(y[il) [j] = yalil[j];
}
for (size_t i = 0; i < n; i++) {
for (std::size_t j = 0; j < 1; j++)
derivative(x[i]) [j] = xalil[j];
}
tape->interpret_adjoint();
for (size_t i = 0; i < n; i++) {
for (std::size_t j = 0; j < 1; j++)
xali] [j] = derivative(x[i]) [j];
}
for (size_t i = 0; 1 < m; i++) {
for (std::size_t j = 0; j < 1; j++)
yalil [j] = derivative(y[il) [j];
}
DCO_TAPE_TYPE: :remove (tape) ;

#include <iostream>
#include <vector>
using namespace std;

#include "driver.hpp"

int main() {

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

27

const int n = 4, m = 5;

cout.precision(5);

vector<double> xv(n), yv(m);

vector<vector<double>> xa(n, vector<double>(m)), ya(m, vector<double>(m));
for (int i = 0; i < n; i++) {

xv[i] = 1;
for (int j = 0; j < m; j++)
xalil[j1 = 0;

}

for (int i = 0; i < m; i++) {

for (int j = 0; j < m; j++)
yal[il [j] = 0;
yal[il [i] = 1;

}
driver(xv, xa, yv, ya);
for (int i = 0; i < m; i++)
cout << "y[" << i << "]=" << yv[i] << endl;
for (int i = 0; i < n; i++)
for (int j = 0; j < m; j++)
cout << "x_{(L)F[" << i << "J[" << j << "]=" << xa[i]l[j] << endl;
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return 0O;

}

The following output is generated:

y[01=-2.79401891249195

y[11=-2.79401891249195

x_{(1)}[0]1[0]=-2.79401891249195
x_{(1)}[0]1[1]1=-2.79401891249195
x_{(1)}[1]1[0]=-5.01252277087075
x_{(1)}[1]1[1]=-7.8065416833627
x_{(1)}[2]1[0]1=11.0250455417415
x_{(1)}[2]1[11=11.0250455417415
x_{(1)}[3] [0]=11.0250455417415
x_{(1)}[3]1[11=11.0250455417415

4.18.3 Concepts introduced in this Section

None.

4.19 Binary Compatible Passive Type: gbcp

Example program can be found here: examples/gbcp

4.19.1 Purpose

This type can be used to turn parts of an adjoint computation passive, i.e. no tape activity is
performed for objects of this type. Declaring a ghcp type of an adjoint type results in equal type
sizes (=binary compatibility), while the gbcp type only provides access to the value object of
the active type. A gbcp type can safely be cast to its value type when performing passive com-
putations. Chaining gbcp types can be used to access any lower order of a higher order active type.

Note that usage of the gbcp type requires the compiler to have C++11 capabilities.

4.19.2 Example

template <typename T, typename U> void f(const vector<T>& x, vector<U>& y) {
T v = tan(x[2] * x[3]);
Tw=x[1] - v;
y[0] = x[0] * v / w;
y[1] = y[0] * x[1];

#include <vector>
#include "dco.hpp"

using namespace std;
using namespace dco;

typedef double DCO_BASE_TYPE;
typedef gals<DCO_BASE_TYPE> DCO_MODE;
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typedef DCO_MODE: :type DCO_TYPE;
typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

#include "f.hpp"

void driver(const vector<double>& xv, vector<double>& xa, vector<double>& yv,

vector<double>& ya, vector<double>& yp) {

DCO_MODE: :global_tape = DCO_TAPE_TYPE: :create();
size_t n = xv.size(), m = yv.size(Q);
vector<DCO_TYPE> x(n), y(m);
for (size_t i = 0; 1 < n; i++) {

x[i] = xv[i];

DCO_MODE: : global_tape->register_variable(x[i]);
}
f(x, y);

std: :vector<double> py(n);
#ifdef DCO_CPP11
typedef gbcp<DCO_TYPE>::type DCO_GBCP_TYPE;

auto const& px = create_gbcp<vector<DCO_GBCP_TYPE>>(x);

f(px, py);
#else
for (size_t i = 0; i < m; i++)
py[i]l = dco::value(y[il);
#endif
for (size_t i = 0; 1 < m; i++) {

DCO_MODE: :global_tape->register_output_variable(y[i]);

yv[i] = value(yl[il);
derivative(y[i]) = yalil;

}

for (size_t i = 0; i < n; i++)
derivative(x[i]) = xalil;

DCO_MODE: :global_tape->write_to_dot();
DCO_MODE: :global_tape->interpret_adjoint();
for (size_t i = 0; i < n; i++)

xal[i] = derivative(x[il);
for (size_t i = 0; i < m; i++)

yal[i] = derivative(y[il);
for (size_t i = 0; i < m; i++)

yplil = pylil;
DCO_TAPE_TYPE: : remove (DCO_MODE: : global_tape) ;

#include <iostream>
#include <vector>
using namespace std;

#include "driver.hpp"
int main() {
const size_t n =4, m = 2;

cout.precision(5);
vector<double> xv(n), xa(n), yv(m), ya(m), yp(m);
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for (size_t i = 0; i < n; i++) {
xv[i] = 1;
xal[i] = 1;

}

for (size_t i = 0; i < m; i++)
yalil = 1;

driver(xv, xa, yv, ya, yp);
for (size_t i = 0; i < m; i++)
cout << "y[" << i << "]=" << yv[i] << endl;
for (size_t i = 0; i < m; i++)
cout << "yp[" << i << "]=" << yp[i] << endl;
for (size_t i = 0; i < n; i++)
cout << "x_{(1)F[" << i << "]=" << xa[i] << endl;
return 0;

}
4.19.3 Example Text

A ghcp pointer array named px which provides passive access to the input vector of active types x
is created in line 28 of the driver. The array points to the exact same memory space of x, but can
be used in computations together with the passive type (line 30). Implicit casting to the passive
type is supported and done for example in line 10 of the £ () implementation.

4.19.4 Example Results

The following output is generated.

y[01=-2.79401891249195
y[11=-2.79401891249195
yp[0]1=-2.79401891249195
yp[1]1=-2.79401891249195
x_{(1)}[0]=-4.5880378249839
x_{(1)}[1]1=-11.8190644542334
x_{(1)}[21=23.050091083483
x_{(1)}[3]=23.050091083483

The passive computation returns the same result as the primal of the active computation which
is not surprising since the inputs share the same memory addresses.

4.19.5 Concepts introduced in this Section
gbcp<DCO_ACTIVE_TYPE>: :type

gbcp type with binary compatibility to DCO_ACTIVE_TYPE while providing casting capabilities to
the value_t of the DCO_ACTIVE_TYPE. Note that DCO_ACTIVE_TYPE can be another gbcp type;
this chained construct results in gbcp_order=M for M used gbcp types. The DCO_ACTIVE_TYPE of
the most inner gbcp type can be an active type of arbitrary order N; however, only 0 < M < N
is considered useful. The resulting type is binary compatible to an active type of order IV, acts
passively in computations of orders M + 1,..., N and is active in order N — M.
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create_gbcp<GBCP_TYPE>(ACTIVE_TYPE)
Interface to be used for creating a gbcp object of type GBCP_TYPE for an object of type ACTIVE_TYPE.

The return type should be handled by the auto specifier. Both, references and pointers, are sup-
ported:

ACTIVE_TYPE x;

auto& ref_px = dco::create_gbcp<GBCP_TYPE>(x);
auto pointer_px = dco::create_gbcp<GBCP_TYPE*>(x) ;

auto& ref_px = dco::create_gbcp<const GBCP_TYPE>(x);
auto pointer_px = dco::create_gbcp<const GBCP_TYPE*>(x);
DCO_MODE: : order

Integer containing the order IV of the corresponding active type.

DCO_MODE: : gbcp_order

Integer containing the gbcp_order M of the corresponding active type. Only available for ghcp
types.

4.20 First-order Adjoint Mode: Basic Checkpointing

Example program can be found here: examples/gals_joint

4.20.1 Purpose

This section illustrates the joint reversal [4] of a subprogram call. The given solution allows for
second and higher derivatives to be computed with minimal implementation effort; see Ch. 4.21.

4.20.2 Example

// This example demostrates bastic checkpointing with dco/c++ for
// first-order adjoint mode. It computes the derivative of the

// scalar function y = f(z) with a standard dco/c++ first-order
// adjoint driver (see main). f(xz) consists of three parts. First,
// it computes a cosine of the tinput, then it calls g, and

// afterwards is computes cosine of the output of g and returns
// that. g is checkpointed in g_make_gap.

#include "dco.hpp"
// g_make_gap uses dco/c++’s checkpointing interface; see
// implementation below.

template <typename T> T g_make_gap(T const& x);

// Implementation of g. It returns the sine of the input.
template <typename T> T g(T const& x) {
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}

Ty = sin(x);
return y;

// Implementation of y = f(x), which we differentiate in main.
template <typename T> T f(T const& x) {

}

// Computation preceding function g. Tape is written for this part.
Ty = cos(x);

// This function will write a checkpoint and computes g only

// passively, without taping.

y = g-_make_gap(y);

// Computation succeeding function g. Tape ts written for this part.
y = cos(y);

return y;

int main() {

}

// Using first-order adjoint mode.
using mode_t = dco::gals<double>;
using type = mode_t::type;

// Input variable.
type x = 2.1;

mode_t::global_tape = mode_t::tape_t::create();
mode_t: :global_tape->register_variable(x);

// Record tape for f; this includes the checkpoint.
type vy = £(x);

mode_t: :global_tape->register_output_variable(y);

dco::derivative(y) = 1.0;

// Interpret the tape. This will call the fill_gap function (see
// implementation of g_make_gap below).

mode_t: :global_tape->interpret_adjoint();

std::cout << "y = " << y << std::endl;
std::cout << "x_{(1)} = " << dco::derivative(x) << std::endl;

mode_t: :tape_t: :remove(mode_t: :global_tape);
return O;

// Creates a checkpoint and inserts the callback into the tape.
template <typename T> T g_make_gap(T const& x) {

// Get tape pointer to tape z is registered in (global_tape).
auto tape = dco::tape(x);

// Compute the value of g with doubles (return type of

// dco::value(z)). The active variable y is initialized with the
// passive wvalue.

T y = g(dco::value(x));

// Register vartable y, since it is the output of g_make_gap;
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}

// succeeding computation is supposed to be taped, %i.e. Yy is an
// input to everything which comes later.
tape->register_variable(y);

// Callback. This lambda captures by copy ([=]) all accessed
// data. In this case = and y. This callback is called during tape
// interpretation, so all accessed data needs to be available
// during tape interpretation time. The tape is used to fill the
// gap.
auto fill_gap = [=]10) {
// This is the current position of the tape.
auto p = tape->get_position();
// Record tape for g, since it’s now executed with active types.
// The captured input = <s used directly.
T yl = g(x);
// The local output yl now lives in the tape (has a tape indezx).
// It gets seeded with the adjoint of the original output
// y. dco::derivative(y) holds the adjoint of the computation in
// f which succeeded the call of g_make_gap.
dco::derivative(yl) = dco::derivative(y);
// Propagate adjoints into the inputs = and reset the tape we’ve
// recorded in this callback.
tape->interpret_adjoint_and_reset_to(p);
+;
// We move the lambda into the tape as callback. No copy required,
// since fill_gap ts not required outside the tape.
tape->insert_callback(std: :move(fill_gap));

return y;

The following output is generated:

y = 0.885293
x_{(1)} = -0.351344

4.20.3 Concepts introduced in this Section

DCO_TAPE_TYPE::iterator_t

Position in tape.

DCO_TAPE_TYPE: :get_position

Returns current position in associated tape.

DCO_TAPE_TYPE: :interpret_adjoint_and_reset_to

Runs tape interpreter and resets current position in tape to argument.

Remark: Make sure you are not using any active variables from the reset tape section afterwards.
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dco: :mode<DCO_TYPE>

DCO_MODE for given DCO_TYPE.

DCO_MODE: :value_t

Type of value component of variables of type DCO_MODE: : type.

DCO_TAPE_TYPE: :insert_callback

Inserts callback into tape for filling the gap. The callback is passed as callable, i.e. either as a
lambda or a functor. The user has to ensure that the captured state is constant and still alive
/ valid during tape interpretation. Easiest way of achieving that is by using capture by copy of
the lambda [=]. Be especially careful, if capturing pointers. Use shared_pointers to constant
data instead. If you know data is not used anymore at a later stage, you can also make use of
move capture for moving it into the lambda. The callable can be copied or moved into the tape,
use move semantics (see example) to save memory and avoid the copy. This can be used to save
memory. See example source for further comments.

DCO_TAPE_TYPE: :reset_to

Resets current tape position to argument.

Remark: Make sure you are not using any active variables from the reset tape section afterwards.
dco::size_of (DCO_TAPE_TYPEx)

Returns size of tape in memory; external adjoint object data is not included.

4.21 Second-order Adjoint Mode: Basic Checkpointing

Example program can be found here: examples/gt2s_gals_joint

4.21.1 Purpose

This section illustrates the computation of second derivatives for the joint reversal of a subprogram
call.

4.21.2 Example

// This example demostrates basic checkpointing with dco/c++ for

// second-order adjoint mode. It computes the first- and second-order
// derivative of the scalar function y = f(z) with a standard dco/c++
// second-order adjoint driver (see main). f(xz) consists of three

// parts. First, it computes a costine of the input, them it calls g,
// and afterwards ts computes cosine of the output of g and returns
// that. g is checkpointed in g_make_gap.

// The ezample ts almost identical to the first-order one. Only the
// driver code changes (see main). Espectally all the checkpointing
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// logic doesn’t have to change.

#include "dco.hpp"

// g_make_gap uses dco/c++’s checkpointing interface; see
// implementation below.
template <typename T> T g_make_gap(T const& x);

// Implementation of g. It returns the sine of the input.
template <typename T> T g(T const& x) {

}

Ty = sin(x);
return y;

// Implementation of y = f(x), which we differentiate in main.
template <typename T> T f(T const& x) {

}

// Computation preceding function g. Tape is written for this part.
Ty = cos(x);

// This function will write a checkpoint and computes g only

// passively, without taping.

y = g-_make_gap(y);

// Computation succeeding function g. Tape ts written for this part.
y = cos(y);

return y;

int main() {

// Using second-order adjoint mode (forward-over-reverse).
using mode_t = dco::gals<dco::gtls<double>::type>;
using type = mode_t::type;

// Input variable.
type x = 2.1;

mode_t: :global_tape = mode_t::tape_t::create();
mode_t: :global_tape->register_variable(x);

// Seeding tangent direction. This is required in addition compared
// to the first-order code.
dco::derivative(dco::value(x)) = 1.0;

// Record tape for f; thts includes the checkpoint.
type v = £(x);

mode_t: :global_tape->register_output_variable(y) ;

dco::derivative(y) = 1.0;

// Interpret the tape. This will call the fill_gap function (see
// implementation of g_make_gap below).

mode_t: :global_tape->interpret_adjoint();

std::cout << "y = " << y << std::endl;

std::cout << "x_{(1)} = " << dco::derivative(x) << std::endl;
// This ts additional information compared to the first-order code.
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}

std::cout << "y {(2)} = " << dco::derivative(dco::value(y)) << std::endl;
std::cout << "x_{(1)}"{(2)} = " << dco::derivative(dco: :derivative(x))
<< std::endl;

mode_t: :tape_t::remove(mode_t::global_tape);
return O;

// Creates a checkpoint and inserts the callback into the tape.
template <typename T> T g_make_gap(T const& x) {

}

// Get tape pointer to tape = is registered in (global_tape).
auto tape = dco::tape(x);

// Compute the wvalue of g with doubles (return type of

// dco::value(z)). The active variable y is initialized with the
// passive wvalue.

T y = g(dco::value(x));

// Register wvariable y, since it is the output of g_make_gap;

// succeeding computation is supposed to be taped, i.e. Yy 1S an
// input to everything which comes later.
tape->register_variable(y);

// Callback. This lambda captures by copy ([=]) all accessed
// data. In this case z and y. This callback ts called during tape
// interpretation, so all accessed data needs to be available
// during tape interpretation time. The tape is used to fill the
// gap.
auto fill_gap = [=]1 () {
// This is the current position of the tape.
auto p = tape->get_position();
// Record tape for g, since tt’s now executed with active types.
// The captured input = <s used directly.
Tyl = g(x);
// The local output yl now lives in the tape (has a tape indez).
// It gets seeded with the adjoint of the original output
// y. dco::derivative(y) holds the adjoint of the computation in
// f which succeeded the call of g_make_gap.
dco::derivative(yl) = dco::derivative(y);
// Propagate adjoints into the inputs = and reset the tape we’ve
// recorded in this callback.
tape->interpret_adjoint_and_reset_to(p);
3
// We move the lambda into the tape as callback. No copy required,
// since fill_gap is not required outside the tape.
tape->insert_callback(std: :move(fill_gap));

return y;

The following output is generated:

y = 0.885293
x_{(1)} = -0.351344
y~{(2)} = -0.351344
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x_ {(D}{(2)} = -0.132258
4.21.3 Concepts introduced in this Section

None.

4.22 First-order Adjoint Mode: Equidistant Checkpointing
of Evolutions

Example program can be found here: examples/gals_cp_loop_equidist

4.22.1 Purpose

This section illustrates the equidistant checkpointing of evolutions.

4.22.2 Example

// This exzample demostrates how to checkpoint a loop equidistantly.
// This algorithm can be used e.g., for evolutions. For mutually
// independent loop iterations, see the example "gals_ensemble”.

#include <iostream>
#include <cmath>

#include "dco.hpp"

// Function that mimics an evolution.
template <typename T> void g(int n, T& x) {
for (int i = 0; i < n; i++)
x = sin(x);

}

// Creates a gap for a chunk of size n.

void g_make_gap(int n, dco::gals<double>::type& x) {
using mode_t = dco::gals<double>;
using type = mode_t::type;
// Count the chunks/gaps used for printing tape sizes.
static int gap_counter_helper = 1;
int gap_counter = gap_counter_helper++;

// Since we are overwritting x, z_in stores the reference
// (tape indexz) to access the correct derivative.

type x_in(x);

// Compute x passively.

g(n, dco::value(x));

// Create a new tape entry for the output of function g.
mode_t: :global_tape->register_variable(x);

// For a detailed description of checkpotinting see example gals_joint.
auto fill_gap = [=]1(0) {
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type x_tmp = x_in;
auto p = mode_t::global_tape->get_position();
g(n, x_tmp);

std::cerr << "size of tape after gap" << gap_counter << " ="
<< dco::size_of (mode_t::global_tape) << "B" << std::endl;

dco::derivative(x_tmp) = dco::derivative(x);
mode_t: :global_tape->interpret_adjoint_and_reset_to(p);
};

mode_t: :global_tape->insert_callback(std: :move(fill_gap));
}

// This function splits the loop in g in chunks of size m.

template <typename T> void equidistant_checkpointing(int n, int m, T& x) {

for (int i = 0; i < n; i += m)
g_make_gap(std::min(m, n - i), x);

}

int main() {
int n = 10;
int m = 2;

// Using first-order adjoint mode.
using mode_t = dco::gals<double>;
using type = mode_t::type;
std::cout.precision(5);

// Input:

type x = 2.1;

mode_t: :global_tape = mode_t::tape_t::create();
mode_t: :global_tape->register_variable(x);

// For dco/ct++ inputs must be read only. Since we are overwritting z, z_in
// stores the reference (tape index) used to access the correct derivative.

type x_in = x;
auto pos = mode_t::global_tape->get_position();

// Ortginal function we want to checkpoint below.

/7 g(n, z);

// Record tape, checkpointing the loop in chunks of stize m.
equidistant_checkpointing(n, m, x);

std::cerr << "base = " << dco::size_of (mode_t::global_tape)
<< std::endl;

// Seed the output adjoint.

dco::derivative(x) = 1.0;

mode_t::global_tape->interpret_adjoint_and_reset_to(pos);

// Print output value.

std::cout << "x = " << dco::value(x) << std::endl;
// Print derivative.
std::cout << "dx = " << dco::derivative(x_in) << std::endl;

mode_t: :tape_t::remove(mode_t::global_tape);
return O;
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}

The following output is generated for n=10 and m=2:

ts0=0.00025177001953125MB
ts5=0.0003509521484375MB
ts4=0.00030517578125MB
ts3=0.0002593994140625MB
ts2=0.000213623046875MB
ts1=0.0001678466796875MB

x=0.466043407062983
x_{(1)}=-0.0692765151830291

4.22.3 Concepts introduced in this Section

None.

4.23 Second-order Adjoint Mode: Equidistant Checkpoint-
ing of Evolutions

Example program can be found here: examples/gt2s_gals_cp_loop_equidist

4.23.1 Purpose

This section illustrates the equidistant checkpointing of evolutions in second-order adjoint mode.

4.23.2 Example

#include <iostream>
#include <cmath>
#include "dco.hpp"

using namespace std;
using namespace dco;

typedef gtls<double> DCO_BASE_MODE;

typedef DCO_BASE_MODE: :type DCO_BASE_TYPE;

typedef gals<DCO_BASE_TYPE> DCO_MODE;

typedef DCO_MODE: :type DCO_TYPE;

typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

typedef DCO_TAPE_TYPE::iterator_t DCO_TAPE_POSITION_TYPE;
// instantiate global tape

DCO_TAPE_TYPE+& DCO_TAPE_POINTER = DCO_MODE::global_tape;

#include "f.hpp"

void driver(const int n, const int m, double& x, double& xt2, double& xal,
double& xt2al) {
DCO_TYPE t2s_als_x;
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DCO_BASE_TYPE v;
v = value(t2s_als_x);
value(v) = x;
derivative(v) = xt2;
value(t2s_als_x) = v;
DCO_TAPE_POINTER = DCO_TAPE_TYPE: :create();
DCO_TAPE_POINTER->register_variable(t2s_als_x);
DCO_TYPE x_indep = t2s_als_x;
DCO_TAPE_POSITION_TYPE p = DCO_MODE: :global_tape->get_position();
f(n, m, t2s_als_x);
cerr << "base=" << dco::size_of (DCO_MODE: :global_tape) << "B" << endl;
v = derivative(t2s_als_x);
value(v) = xal;
derivative(v) = xt2al;
derivative(t2s_als_x) = v;
DCO_TAPE_POINTER->interpret_adjoint_and_reset_to(p);
v = value(t2s_als_x);
x = value(v);
xt2 = derivative(v);
v = derivative(x_indep);
xal = value(v);
xt2al = derivative(v);
DCO_TAPE_TYPE: :remove (DCO_TAPE_POINTER) ;

}

#include <cassert>
#include <cstdlib>
#include <iostream>
using namespace std;

#include "driver.hpp"

int main() {
int n = 10;
int m = 2;
cout.precision(5);
double x = 2.1, xal = 1.0, xt2 = 1.0, xt2al = 0.0;
driver(n, m, x, xt2, xal, xt2al);
cout << "x=" << x << endl;
cout << "x"{(2)}=" << xt2 << endl;
cout << "x_{(1)}=" << xal << endl;
cout << "x_{(1)F " {(2)}=" << xt2al << endl;
return O;

}

The following output is generated:

ts0=0.00041961669921875MB
ts5=0.000579833984375MB
ts4=0.0005035400390625MB
ts3=0.00042724609375MB
ts2=0.0003509521484375MB
ts1=0.000274658203125MB

x=0.466043407062983
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x~{(2)}=-0.0692765151830291
x_{(1)}=-0.0692765151830291
x_{(1)}"{(2)}=-0.22663755263662

4.23.3 Concepts introduced in this Section

None.

4.24 First-order Adjoint Mode: Recursive Checkpointing
of Evolutions

Example program can be found here: examples/gals_cp_loop_rec

4.24.1 Purpose

This section illustrates the recursive (multi-level) checkpointing of evolutions in first-order adjoint
mode.

4.24.2 Example
#include "g_gap.hpp"

template <typename ATYPE>
void f(int from, int to,
int stride, // maz number of consecutive tapings
ATYPE& x) {
// g(from,to,stride,z); // for split reversal
g_make_gap(from, to, stride, x);

}

#include <stack>

#include "g.hpp"

using namespace std;

enum RUN_MODE { CHECKPOINT_ARGUMENTS_AND_RUN_PASSIVELY, GENERATE_TAPE };

stack<pair<int, DCO_MODE::value_t>> state;

void g_make_gap(int from, int to, int stride, DCO_MODE::type& xg,
RUN_MODE m = GENERATE_TAPE) {

if (m == CHECKPOINT_ARGUMENTS_AND_RUN_PASSIVELY) {
cout << "STORE CHECKPOINT FOR SECTION " << from << " ... " << to -1
<< endl;

// write argument checkpoint (FIFO)
if (state.empty() || from != state.top().first) {

cout << "PUSHING (" << from << ", " << dco::value(xg) << ")" << endl;
state.push(make_pair(from, dco::value(xg)));
}
‘ sonemros | IRNNTTH
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21

22 // call passive version of f

23 cout << "RUN SECTION " << from << " ... " << to - 1 << " PASSIVELY" << endl;
24 g(from, to, stride, dco::value(xg));

25

26 // register output = with tape and store its

27 // position for retrieval of incoming adjoint required

28 // during interpretation

29 DCO_MODE: :type xg_in(xg);

30 DCO_MODE: :global_tape->register_variable(xg) ;

31

52 auto fill gap = [=]() {

33 cout << "top=" << state.top().second << endl;

34 cout << "RESTORE CHECKPOINT FOR SECTION " << from << " ... " << to -1
35 << endl;

36 DCO_TYPE x = state.top().second;

37 DCO_MODE: :global_tape->register_variable(x) ;

38 DCO_TYPE x_in = x;

39 auto p = DCO_MODE: :global_tape->get_position();

40 g_make_gap(from, to, stride, x, GENERATE_TAPE);

4 dco::derivative(x) = dco::derivative(xg);

42 cout << "INTERPRET SECTION " << from << " ... " << to - 1 << endl;
43 DCO_MODE: :global_tape->interpret_adjoint_and_reset_to(p);

14 dco::derivative(xg_in) += dco::derivative(x_in);

45 if (to - from <= stride) {

16 cout << '"poping " << state.top().first << ", " << state.top().second
a7 << endl;

a8 state.pop(Q);

49 }

50 };

51

52 DCO_MODE: :global_tape->insert_callback(std: :move(fill_gap));

54 } else if (m == GENERATE_TAPE) {

55 cout << "GENERATE TAPE FOR SECTION " << from << " ... " << to - 1 << endl;
56 stringstream s;

57 s << from << "GENERATE_TAPE_" << to - 1 << ".dot";

58 DCO_MODE: :global_tape->write_to_dot(s.str());

59 // in taping mode, the interval is subdivided further if
60 // its length exzceeds the destired stride ...

61 if (to - from > stride) {

62 g_make_gap(from, from + (to - from) / 2, stride, xg,
63 CHECKPOINT_ARGUMENTS_AND_RUN_PASSIVELY);

64 g_make_gap(from + (to - from) / 2, to, stride, xg,

65 CHECKPOINT_ARGUMENTS_AND_RUN_PASSIVELY);

66 } else

67 // ... or the given number of iterations is performed
68 // actively and the corresponding tape is written

69 for (int i = from; i < to; i++)

70 xg = sin(xg);

71 }

72 if (dco::size_of (DCO_MODE: :global_tape) > max_tape_size)
73 max_tape_size = dco::size_of (DCO_MODE: :global_tape) ;
74}
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#include <vector>
using namespace std;

template <typename AD_TYPE>
void g(int from, int to,
int stride, // maz number of consecutive tapings
AD_TYPE& x) {
if (to - from > stride) {
g(from, from + (to - from) / 2, stride, x);
g(from + (to - from) / 2, to, stride, x);
} else
for (int i = from; i < to; i++)
x = sin(x);

#include <iostream>
#include <cstdlib>
#include <cassert>
#include "dco.hpp"

using namespace std;
using namespace dco;

typedef gals<double> DCO_MODE;

typedef DCO_MODE::type DCO_TYPE;

typedef DCO_MODE::tape_t DCO_TAPE_TYPE;

typedef DCO_TAPE_TYPE::iterator_t DCO_TAPE_POSITION_TYPE;

#define STATISTICS
#define VERBOSE

#ifdef STATISTICS
dco::mem_long_t max_tape_size;
unsigned int max_checkpoint_size;
#endif

#include "f.hpp"

void driver(const int n, const int stride, double& xv, double& xal) {
#ifdef STATISTICS
max_tape_size = 0;
max_checkpoint_size = 0;
#endif
DCO_TYPE x = xv;
DCO_MODE: :global_tape = DCO_TAPE_TYPE: :create();
DCO_MODE: :global_tape->register_variable(x) ;
DCO_TYPE x_in = x;

£(0, n, stride, x);

DCO_MODE: :global_tape->register_output_variable(x) ;
derivative(x) = 1;

#ifdef VERBOSE
cout << "INTERPRET SECTION: O ... " << n - 1 << endl;
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#endif

DCO_MODE: :global_tape->write_to_dot("driver.dot");
DCO_MODE: :global_tape->interpret_adjoint();

xv = value(x);
xal = derivative(x_in);
#ifdef STATISTICS

cerr << "maximum tape size=" << max_tape_size * 1024 * 1024 << "Byte" << endl;
cerr << "maximum checkpoint size=" << max_checkpoint_size * 8 << "Byte"

<< endl;
#endif

DCO_TAPE_TYPE: :remove (DCO_MODE: : global_tape) ;

}

#include <cassert>
#include <cstdlib>
#include <iostream>
using namespace std;

#include "driver.hpp"

int main() {
cout.precision(5);
int n = 10;
int stride = 2;
double x = 2.1, xal = 1.0;
driver(n, stride, x, xal);
cout << "x=" << x << endl;

cout << "x_{(1)}=" << xal << endl;

return O;

}

The following output is generated for n=10 and m=2:

GENERATE TAPE FOR SECTION O ...

STORE CHECKPOINT FOR SECTION O ...

PUSHING (0, 2.1)

RUN SECTION O ... 4 PASSIVELY

STORE CHECKPOINT FOR SECTION 5 ...

PUSHING (5, 0.593714565454065)
RUN SECTION 5 ... 9 PASSIVELY

Evaluation trial version of ADL6A31IC

INTERPRET SECTION: O ... 9
top=0.593714565454065

9

4

9

RESTORE CHECKPOINT FOR SECTION 5 ...

GENERATE TAPE FOR SECTION 5 ...

STORE CHECKPOINT FOR SECTION 5 ...

RUN SECTION 5 ... 6 PASSIVELY

STORE CHECKPOINT FOR SECTION 7 ...

PUSHING (7, 0.530714839456817)
RUN SECTION 7 ... 9 PASSIVELY
INTERPRET SECTION 5 ... 9
top=0.530714839456817

9

6

9

RESTORE CHECKPOINT FOR SECTION 7 ...

GENERATE TAPE FOR SECTION 7 ...
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STORE CHECKPOINT FOR SECTION 7 ...

RUN SECTION 7 ... 7 PASSIVELY

STORE CHECKPOINT FOR SECTION 8 ...

PUSHING (8, 0.506149980527331)
RUN SECTION 8 ... 9 PASSIVELY
INTERPRET SECTION 7 ... 9
top=0.506149980527331

RESTORE CHECKPOINT FOR SECTION 8 ...

GENERATE TAPE FOR SECTION 8 ...
INTERPRET SECTION 8 ... 9
poping 8, 0.506149980527331
top=0.530714839456817

RESTORE CHECKPOINT FOR SECTION 7 ...

GENERATE TAPE FOR SECTION 7 ...
INTERPRET SECTION 7 ... 7
poping 7, 0.530714839456817
top=0.593714565454065

RESTORE CHECKPOINT FOR SECTION 5 ...

GENERATE TAPE FOR SECTION 5 ...
INTERPRET SECTION 5 ... 6
poping 5, 0.593714565454065
top=2.1

RESTORE CHECKPOINT FOR SECTION O ...

GENERATE TAPE FOR SECTION O ...

STORE CHECKPOINT FOR SECTION O ...

RUN SECTION O ... 1 PASSIVELY

STORE CHECKPOINT FOR SECTION 2 ...

PUSHING (2, 0.75993256745268)
RUN SECTION 2 ... 4 PASSIVELY
INTERPRET SECTION O ... 4
top=0.75993256745268

RESTORE CHECKPOINT FOR SECTION 2 ...

GENERATE TAPE FOR SECTION 2 ...

STORE CHECKPOINT FOR SECTION 2 ...

RUN SECTION 2 ... 2 PASSIVELY

STORE CHECKPOINT FOR SECTION 3 ...

PUSHING (3, 0.688872566005681)
RUN SECTION 3 ... 4 PASSIVELY
INTERPRET SECTION 2 ... 4
top=0.688872566005681

RESTORE CHECKPOINT FOR SECTION 3 ...

GENERATE TAPE FOR SECTION 3 ...
INTERPRET SECTION 3 ... 4
poping 3, 0.688872566005681
top=0.75993256745268

RESTORE CHECKPOINT FOR SECTION 2 ...

GENERATE TAPE FOR SECTION 2 ...
INTERPRET SECTION 2 ... 2
poping 2, 0.75993256745268
top=2.1

RESTORE CHECKPOINT FOR SECTION O ...

GENERATE TAPE FOR SECTION O ...
INTERPRET SECTION O ... 1
poping 0, 2.1
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maximum tape size=528Byte
maximum checkpoint size=32Byte
x=0.466043407062983
x_{(1)}=-0.0692765151830291

4.24.3 Concepts introduced in this Section

my_external_adjoint_object_t

Specialization of DCO_MODE: :external_adjoint_object_t.

4.25 Second-order Adjoint Mode: Recursive Checkpointing
of Evolutions

Example program can be found here: examples/gt2s_gals_cp_loop_rec

4.25.1 Purpose

This section illustrates the recursive (multi-level) checkpointing of evolutions in second-order ad-
joint mode.

4.25.2 Example

#include <iostream>
#include <cmath>
#include "dco.hpp"

using namespace std;
using namespace dco;

typedef gtls<double> DCO_BASE_MODE;

typedef DCO_BASE_MODE: :type DCO_BASE_TYPE;

typedef gals<DCO_BASE_TYPE> DCO_MODE;

typedef DCO_MODE: :type DCO_TYPE;

typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

typedef DCO_TAPE_TYPE::iterator_t DCO_TAPE_ITERATOR_TYPE;

#define VERBOSE
#include "f.hpp"

void driver(const int n, const int stride, double& x, double& xt2, double& xal,
double& xt2al) {
DCO_TYPE t2s_als_x;
DCO_BASE_TYPE v;
v = value(t2s_als_x);
value(v) = x;
derivative(v) = xt2;
value(t2s_als_x) = v;
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DCO_MODE: :global_tape = DCO_TAPE_TYPE: :create();
DCO_MODE: :global_tape->register_variable(t2s_als_x);

DCO_TYPE x_indep = t2s_als_x;

DCO_TAPE_ITERATOR_TYPE to_be_reset_to = DCO_MODE: :global_tape->get_position();

f<DCO_MODE>(0, n, stride, t2s_als_x);

v = derivative(t2s_als_x);
value(v) = xal;
derivative(v) = xt2al;
derivative(t2s_als_x) = v;

DCO_MODE: :global_tape->interpret_adjoint_and_reset_to(to_be_reset_to);

v = value(t2s_als_x);

x = value(v);

xt2 = derivative(v);

v = derivative(x_indep);
xal = value(v);

xt2al = derivative(v);

DCO_TAPE_TYPE: :remove (DCO_MODE: : global_tape) ;

}

#include <cassert>
#include <cstdlib>
#include <iostream>
using namespace std;

#include "driver.hpp"

int main() {
int n = 10;
int stride = 2;
cout.precision(5);

double x = 2.1, xal = 1.0, xt2 = 1.0, xt2al
driver(n, stride, x, xt2, xal, xt2al);

cout << "x=" << x << endl;

cout << "x"{(2)}=" << xt2 << endl;
cout << "x_{(1)}=" << xal << endl;
cout << "x_{(1)F " {(2)}=" << xt2al << endl;

return 0;

}

The following output is generated:

GENERATE TAPE FOR SECTION O ...

STORE CHECKPOINT FOR SECTION O ...

PUSHING (0, 2.1)

RUN SECTION O ... 4 PASSIVELY

STORE CHECKPOINT FOR SECTION 5 ...

PUSHING (5, 0.593714565454065)
RUN SECTION 5 ... 9 PASSIVELY
top=0.593714565454065

RESTORE CHECKPOINT FOR SECTION 5 ...

GENERATE TAPE FOR SECTION 5 ...

STORE CHECKPOINT FOR SECTION 5 ...

RUN SECTION 5 ... 6 PASSIVELY

STORE CHECKPOINT FOR SECTION 7 ...

PUSHING (7, 0.530714839456817)
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RUN SECTION 7 ... 9 PASSIVELY
INTERPRET SECTION 5 ... 9
top=0.530714839456817

RESTORE CHECKPOINT FOR SECTION 7 ...

GENERATE TAPE FOR SECTION 7 ...

STORE CHECKPOINT FOR SECTION 7 ...

RUN SECTION 7 ... 7 PASSIVELY

STORE CHECKPOINT FOR SECTION 8 ...

PUSHING (8, 0.506149980527331)
RUN SECTION 8 ... 9 PASSIVELY
INTERPRET SECTION 7 ... 9
top=0.506149980527331

RESTORE CHECKPOINT FOR SECTION 8 ...

GENERATE TAPE FOR SECTION 8 ...
INTERPRET SECTION 8 ... 9
poping 8, 0.506149980527331
top=0.530714839456817

RESTORE CHECKPOINT FOR SECTION 7 ...

GENERATE TAPE FOR SECTION 7 ...
INTERPRET SECTION 7 ... 7
poping 7, 0.530714839456817
top=0.593714565454065

RESTORE CHECKPOINT FOR SECTION 5 ...

GENERATE TAPE FOR SECTION 5 ...
INTERPRET SECTION 5 ... 6
poping 5, 0.593714565454065
top=2.1

RESTORE CHECKPOINT FOR SECTION O ...

GENERATE TAPE FOR SECTION O ...

STORE CHECKPOINT FOR SECTION O ...

RUN SECTION O ... 1 PASSIVELY

STORE CHECKPOINT FOR SECTION 2 ...

PUSHING (2, 0.75993256745268)
RUN SECTION 2 ... 4 PASSIVELY
INTERPRET SECTION O ... 4
top=0.75993256745268

RESTORE CHECKPOINT FOR SECTION 2 ...

GENERATE TAPE FOR SECTION 2 ...

STORE CHECKPOINT FOR SECTION 2 ...

RUN SECTION 2 ... 2 PASSIVELY

STORE CHECKPOINT FOR SECTION 3 ...

PUSHING (3, 0.688872566005681)
RUN SECTION 3 ... 4 PASSIVELY
INTERPRET SECTION 2 ... 4
top=0.688872566005681

RESTORE CHECKPOINT FOR SECTION 3 ...

GENERATE TAPE FOR SECTION 3 ...
INTERPRET SECTION 3 ... 4
poping 3, 0.688872566005681
top=0.75993256745268

RESTORE CHECKPOINT FOR SECTION 2 ...

GENERATE TAPE FOR SECTION 2 ...
INTERPRET SECTION 2 ... 2
poping 2, 0.75993256745268
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top=2.1

RESTORE CHECKPOINT FOR SECTION O ... 1
GENERATE TAPE FOR SECTION O ... 1
INTERPRET SECTION O ... 1

poping 0, 2.1

x=0.466043407062983
x~{(2)}=-0.0692765151830291
x_{(1)}=-0.0692765151830291
x_{(1)}"{(2)}=-0.22663755263662

4.25.3 Concepts introduced in this Section

None.

4.26 First-order Adjoint Mode: Checkpointing Ensembles

Example program can be found here: examples/gals_ensemble

4.26.1 Purpose

This section illustrates checkpointing of ensembles in first-order adjoint mode. A global tape is
used. The given solution allows for second and higher derivatives to be computed with minimal
implementation effort; see Ch. 4.27.

4.26.2 Example
#include "g_gap.hpp"

inline unsigned int prng() {
static unsigned int seed = 5323;
seed = 8253729 * seed + 2396403;
return seed 7 32768;

}

template <typename DCO_TYPE>
void f(int n, int m, const DCO_TYPE& x, DCO_TYPE& y) {
double r;
DCO_TYPE sum;
for (int i = 0; i < n; i++) {
r = prng();
g_make_gap(m, x, ¥, y);
sum += y;

}
y = sum / n;

}

#include <iostream>
using namespace std;
#include "g.hpp"

void g_make_gap(int m, const DCO_TYPE& x, const double& r, DCO_TYPE& yg) {
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static int c = 1;
int ts = c++;

g(m, dco::value(x), r, dco::value(yg));
DCO_MODE: :global_tape->register_variable(yg) ;

auto fill_gap = [=]1(0) {
auto p = DCO_MODE: :global_tape->get_position();
DCO_TYPE y;
glm, x, T, y);

cerr << "ts" << ts << "=" << dco::size_of (DCO_MODE: :global_tape) << "B"

<< endl;
dco::derivative(y) = dco::derivative(yg);

DCO_MODE: :global_tape->interpret_adjoint_and_reset_to(p);

};

DCO_MODE: :global_tape->insert_callback(std: :move(fill_gap));

template <typename ATYPE>
void g(int m, const ATYPE& x, const double& r, ATYPEZ y) {
y =0;
for (int i = 0; i < m; i++)
y += sin(x + r);

#include "dco.hpp"
using namespace dco;

typedef dco::gals<double> DCO_MODE;

typedef DCO_MODE: :type DCO_TYPE;

typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

typedef DCO_TAPE_TYPE::iterator_t DCO_TAPE_POSITION_TYPE;

#include "f.hpp"

void driver(const int n, const int m, const double& xv, double& xa, double& yv,

const double& ya) {
DCO_TYPE x = xv, y;
DCO_MODE: : global_tape = DCO_TAPE_TYPE::create();
DCO_MODE: :global_tape->register_variable(x);

DCO_TAPE_POSITION_TYPE p = DCO_MODE: : global_tape->get_position();

f(n, m, x, y);

cerr << "base=" << dco::size_of (DCO_MODE: :global_tape) << "B" << endl;

yv = value(y);

DCO_MODE: :global_tape->register_output_variable(y);
derivative(y) = ya;

derivative(x) = xa;

DCO_MODE: :global_tape->interpret_adjoint_and_reset_to(p)
xa = derivative(x);
DCO_TAPE_TYPE: :remove (DCO_MODE: : global_tape) ;

#include <iostream>
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using namespace std;
#include "driver.hpp"

int main() {
cout.precision(5);
int n = 10;
int m = 10;
double xv = 2.1, xa = 0.0, yv, ya = 1.0;
driver(n, m, xv, xa, yv, ya);
cout << "y=" << yv << endl;
cout << "x_{(1)}=" << xa << endl;
return O;

}

The following output is generated for n=10 and m=2:

ts0=0.00103759765625MB
ts10=0.00146484375MB
ts9=0.00136566162109375MB
ts8=0.0012664794921875MB
ts7=0.00116729736328125MB
ts6=0.001068115234375MB
ts5=0.00096893310546875MB
ts4=0.0008697509765625MB
ts3=0.00077056884765625MB
ts2=0.00067138671875MB
ts1=0.00058746337890625MB

y=-0.0653545466085305
x_{(1)}=-0.10569862778361

4.26.3 Concepts introduced in this Section

None.

4.27 Second-order Adjoint Mode: Checkpointing Ensem-
bles

Example program can be found here: examples/gt2s_gals_ensemble

4.27.1 Purpose

This section illustrates checkpointing of ensembles in second-order adjoint mode.

4.27.2 Example

#include "dco.hpp"
using namespace dco;

typedef gtls<double> DCO_BASE_MODE;
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typedef DCO_BASE_MODE: :type DCO_BASE_TYPE;

typedef gals<DCO_BASE_TYPE> DCO_MODE;

typedef DCO_MODE: :type DCO_TYPE;

typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

typedef DCO_TAPE_TYPE::iterator_t DCO_TAPE_POSITION_TYPE;

#include "f.hpp"

void driver(const int n, const int m, const double& xv, const double& xt2,
double& xal, double& xalt2, double& yv, double& yt2,
const double& yal, const double& yalt2) {
DCO_TYPE x = xv, y;
derivative(value(x)) = xt2;
DCO_MODE: :global_tape = DCO_TAPE_TYPE: :create();
DCO_MODE: :global_tape->register_variable(x);
DCO_TAPE_POSITION_TYPE p = DCO_MODE: :global_tape->get_position();
f(n, m, x, y);
cerr << '"base=" << dco::size_of (DCO_MODE: :global_tape) << "B" << endl;
yv = passive_value(y);
yt2 = derivative(value(y));
DCO_MODE: :global_tape->register_output_variable(y);
value(derivative(y)) = yal;
derivative(derivative(y)) = yalt2;
value(derivative(x)) = xal;
derivative(derivative(x)) = xalt2;
DCO_MODE: :global_tape->interpret_adjoint_and_reset_to(p);
xal = value(derivative(x));
xalt2 = derivative(derivative(x));
DCO_TAPE_TYPE: :remove (DCO_MODE: : global_tape) ;
}

#include <cassert>
#include <cstdlib>
#include <iostream>
using namespace std;

#include "driver.hpp"

int main() {
cout.precision(5);

int n = 10;

int m = 10;

double x = 2.1, xt2 = 1.0, xal = 0.0, xalt2 = 0.0, y, yt2, yal = 1.0,
yalt2 = 0.0;

driver(n, m, x, xt2, xal, xalt2, y, yt2, yal, yalt2);
cout << "y=" << y << endl;

cout << "y {(2)}=" << yt2 << endl;

cout << "x_{(1)}=" << xal << endl;

cout << "x_{(1)}"{(2)}=" << xalt2 << endl;

return 0;

}

The following output is generated:

ts0=0.001678466796875MB
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ts0=0.001678466796875MB
ts10=0.002349853515625MB
ts9=0.00218963623046875MB
ts8=0.0020294189453125MB
ts7=0.00186920166015625MB
ts6=0.001708984375MB
ts5=0.00154876708984375MB
ts4=0.0013885498046875MB
ts3=0.00122833251953125MB
ts2=0.001068115234375MB
ts1=0.0009307861328125MB

y=-0.326772733042652
y~{(2)}=-0.528493138918051

x_{(1)}=-0.528493138918051
x_{(1)}"{(2)}=0.326772733042653

4.27.3 Concepts introduced in this Section

None.

4.28 First-order Adjoint Mode: Embedding Adjoint Source
Code

Example program can be found here: examples/gals_external_manual

4.28.1 Purpose

This section illustrates the embedding of adjoint source code into a dco/c++ adjoint.

4.28.2 Example

#include <vector>
#include "g_gap.hpp"

template <typename DCO_TYPE> void f(std::vector<DCO_TYPE>& x, DCO_TYPE& y) {
for (unsigned i = 0; i < x.size(); i++)
x[i] *= x[i];
/7 g9(z,y);
g_make_gap(x, y);
y*=ys

#include <vector>

#include "g.hpp"
#include "g_als.hpp"

void g_make_gap(std::vector<DCO_TYPE>& x, DCO_TYPE& y) {
typedef DCO_MODE: :value_t DCO_VALUE_TYPE;
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//** Eztract passive value and run primal function.
vector<DCO_VALUE_TYPE> xv(x.size());

xv = dco::value(x);

g(xv, dco::value(y));

//%* Register output wvariable to continue tape recording after
//*% this function returns.
DCO_MODE: :global_tape->register_variable(y);

//*%*% Filling the gap with the tape callback. Use automatically
//%* captured (checkpointed) = and y to access adjoints.
auto fill_gap = [=]1() {

vector<DCO_VALUE_TYPE> xa(x.size());

g_als(xa, dco::derivative(y));

dco::derivative(x) += xa;

};

DCO_MODE: :global_tape->insert_callback(std: :move(fill_gap));

#include <vector>

template <typename DCO_TYPE> void g(std::vector<DCO_TYPE> x, DCO_TYPE& y) {
y=0;
for (unsigned i = 0; i < x.size(); i++)
y += x[il;

#include <vector>

template <typename DCO_TYPE>
void g_als(std::vector<DCO_TYPE>& xal, const DCO_TYPE& yal) {
typename std::vector<DCO_TYPE>::iterator i;
for (i = xal.begin(); i != xal.end(); i++)
*1 += yal;

#include <vector>
#include "dco.hpp"

using namespace std;

using namespace dco;

typedef gals<double> DCO_MODE;

typedef DCO_MODE: :type DCO_TYPE;

typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

typedef DCO_TAPE_TYPE::iterator_t DCO_TAPE_POSITION_TYPE;

#include "f.hpp"

void driver(const vector<double>& xv, vector<double>& xal, double& yv,
double& yal) {
size_t n = xv.size();
vector<DCO_TYPE> x(n);
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vector<DCO_TYPE> x_in(n);
DCO_MODE: :global_tape = DCO_TAPE_TYPE: :create();
for (size_t i = 0; i < n; i++) {
DCO_MODE: :global_tape->register_variable(x[i]);
value(x[il) = xv[il;
derivative(x[i]) = xallil;
x_in[i] = x[i];
}
DCO_TYPE vy;
DCO_TAPE_POSITION_TYPE p = DCO_MODE: : global_tape->get_position();
f(x, y);
cerr << "ts=" << dco::size_of (DCO_MODE: :global_tape) << "B" << endl;
yv = value(y);
derivative(y) = yal;
DCO_MODE: :global_tape->interpret_adjoint_and_reset_to(p);
for (size_t i = 0; i < n; i++)
xal[i] = derivative(x_in[i]);
DCO_TAPE_TYPE: :remove (DCO_MODE: : global_tape) ;
}

#include <iostream>
#include <cstdlib>
#include <vector>
#include <cmath>
using namespace std;

#include "driver.hpp"

int main() {

cout.precision(5);

int n = 5;

vector<double> x(n), xal(n);

double y = 0, yal;

for (int i = 0; i < n; i++) {
x[i] = cos(double(i));
xall[i] = 0;

}

yal = 1;

driver(x, xal, y, yal);

cout << "y=" << y << endl;

for (int i = 0; i < n; i++)
cout << "x_{(D)}[" << i << "]=" << xall[i] << endl;

return O;

}

The following output is generated:

ts=0.00048065185546875MB

y=8.25091096598783
x_{(1)}[0]=11.489759590862
x_{(1)}[1]1=6.20794360081331
x_{(1)}[2]=-4.78142710642441
x_{(1)}[3]1=-11.3747757826964
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x_{(1)}[4]=-7.51020806182345
Calling g instead of g_make_gap in f yields
t5=0.0006866455078125MB

y=8.25091096598783
x_{(1)}[0]=11.489759590862

4.28.3 Concepts introduced in this Section

None.

4.29 Second-order Adjoint Mode: Embedding First-order
Adjoint Code

Example program can be found here: examples/gt2s_gals_external_manual

4.29.1 Purpose

This section illustrates the embedding of first-order adjoint code into a dco/c++ second-order
adjoint mode computation.

4.29.2 Example

#include <vector>
#include "dco.hpp"

using namespace std;
using namespace dco;

typedef gtls<double> DCO_BASE_MODE;
typedef DCO_BASE_MODE: :type DCO_BASE_TYPE;
typedef gals<DCO_BASE_TYPE> DCO_MODE;
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typedef DCO_MODE: :type DCO_TYPE;
typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;
typedef DCO_TAPE_TYPE::iterator_t DCO_TAPE_POSITION_TYPE;

#include "f.hpp"

void driver(const vector<double>& xv, const vector<double>& xt2,

vector<double>& xal, vector<double>& xalt2, double& yv, double& yt2,
double& yal, double& yalt2) {

gals<DCO_BASE_TYPE>: :global_tape = gals<DCO_BASE_TYPE>::tape_t::create();

const size_t n = xv.size();

vector<DCO_TYPE> x(n), x_in(n);

DCO_TYPE y;

for (size_t i = 0; 1 < n; i++) {

gals<DCO_BASE_TYPE>: :global_tape->register_variable(x[i]);
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value(value(x[i])) = xv[i];
derivative(value(x[i])) = xt2[i];
x_in[i] = x[i];

}
DCO_TAPE_POSITION_TYPE p = DCO_MODE: :global_tape->get_position();
f(x, y);

cerr << "ts=" << dco::size_of(DCO_MDDE::global_tape) << "B" << endl;
for (size_t i = 0; i < n; i++) {
value(derivative(x_in[i])) = xallil;
derivative(derivative(x_in[i])) = xalt2[i];
¥
yv = value(value(y));
yt2 = derivative(value(y));
gals<DCO_BASE_TYPE>: :global_tape->register_output_variable(y);
value(derivative(y)) = yal;
derivative(derivative(y)) = yalt2;
gals<DCO_BASE_TYPE>::global_tape->interpret_adjoint_and_reset_to(p);
for (size_t i = 0; i < n; i++) {
xal[i] = value(derivative(x_in[i]));
xalt2[i] = derivative(derivative(x_in[i]));
¥
gals<DCO_BASE_TYPE>: :tape_t: :remove(gals<DCO_BASE_TYPE>: :global_tape) ;

#include <iostream>
#include <vector>
#include <cmath>
using namespace std;

#include "driver.hpp"

int main() {
cout.precision(5);
int n = 5;
vector<double> x(n), xal(n), xt2(n), xalt2(n);
double y, yal, yt2, yalt2;
for (int i = 0; i < n; i++) {
x[i] = cos(double(i));
xt2[i] = 1;
xal[i] = 0;
xalt2[i] =
}
y =0, yt2 = 0, yal = 1;
yalt2 = 0;
driver(x, xt2, xal, xalt2, y, yt2, yal, yalt2);
cout << "y=" << y << endl;
for (int i = 0; i < n; i++)
cout << "x_{(D)}I[" << i << "]=" << xall[i] << endl;
cout << "y {(2)}=" << yt2 << endl;
for (int i = 0; i < n; i++)
cout << "x_{(1)F{(2)F[" << i << "]=" << xalt2[i] << endl;
cout << "y_{(1)}=" << yal << endl;
cout << "y_{(1)}{(2)}=" << yalt2 << endl;
return 0;
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}

The following output is generated:

ts=0.00077056884765625MB

y=8.25091096598783
x_{(1)}[0]=11.489759590862
x_{(1)}[1]=6.20794360081331
x_{(1)}[2]=-4.78142710642441
x_{(1)}[3]=-11.3747757826964
x_{(1)}[4]=-7.51020806182345
y~{(2)}=-5.96870775926893

x_{(1) 3 {(2)}[0]1=7.33391440571752
x_{()F{(2)}[11=9.24434685449743
x_{(1)F{(2)}[21=13.2192014178395
x_ {1} {(2)}[3]=15.6040151411881
x_{(1)}{(2)}[4]1=14.2062012854284
y_{(1)3}=0

y_ {3 {2)}=0

Calling g instead of g_make_gap in f yields
ts=0.00109100341796875MB

y=8.25091096598783
x_{(1)}[0]=11.489759590862

yA{ (2)}=-5.96870775926893
x_{(1)}"{(2)}[0]=7.33391440571752

4.29.3 Concepts introduced in this Section

None.

4.30 First-order Adjoint Vector Mode: Embedding Adjoint
Source Code

Example program can be found here: examples/galv_external_manual

4.30.1 Purpose

This section illustrates the embedding of adjoint source code into a dco/c++ vector adjoint.

4.30.2 Example

#include <vector>
#include "g_gap.hpp"

template <typename DCO_TYPE> void f(std::vector<DCO_TYPE>& x, DCO_TYPE& y) {
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for (unsigned i = 0; i < x.size(); i++)
x[i] *= x[i];

/7 g(z,y);

g_make_gap(x, y);

y *¥=y;

#include <vector>

#include "g.hpp"
#include "g_als.hpp"

void g_make_gap(std::vector<DCO_TYPE>& x, DCO_TYPE& y) {
typedef DCO_MODE: :derivative_t DCO_DERIVATIVE_TYPE;
typedef DCO_MODE: :value_t DCO_VALUE_TYPE;

//%% Extract passive wvalue and run primal function.
vector<DCO_VALUE_TYPE> xv(x.size());
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xv = dco::value(x);
g(xv, dco::value(y));

//%* Register output wvartiable to continue tape recording after

//**% this function returns.
DCO_MODE: :global_tape->register_variable(y) ;

//*%% Filling the gap with the tape callback. Use automatically

//%* captured (checkpointed) = and y to access adjoints.
auto fill_gap = [=10) {

vector<DCO_DERIVATIVE_TYPE> xa(x.size(), 0);

g_als(xa, dco::derivative(y));

dco::derivative(x) += xa;

s

DCO_MODE: :global_tape->insert_callback(std: :move(fill_gap));
}
#include <vector>

template <typename DCO_TYPE> void g(std::vector<DCO_TYPE> x, DCO_TYPE& y) {

y = 0;
for (unsigned i = 0; i < x.size(); i++)
y += x[i];

#include <vector>
template <typename DCO_TYPE>
void g_als(std::vector<DCO_TYPE>& xal, const DCO_TYPE& yal) {
for (auto& i : xal)
i += yal;

#include <vector>
#include <array>
#include "dco.hpp"

nag B ... |RWIH

[ for Computational
2 Engineering



10

11

12

13

14

16

17

18

19

20

21

22

23

24

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

10

11

12

13

dco/c++ User Guide

91

using namespace std;
#include "driver.hpp"

using namespace dco;

typedef galv<double, N> DCO_MODE;

typedef DCO_MODE: :type DCO_TYPE;

typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

typedef DCO_TAPE_TYPE::iterator_t DCO_TAPE_POSITION_TYPE;

#include "f.hpp"

void driver(const vector<double>& xv, vector<array<double, N>>& xal, double& yv,

array<double, N>& yal) {
size_t n = xv.size();
vector<DCO_TYPE> x(n);
vector<DCO_TYPE> x_in(n);
DCO_MODE: : global_tape = DCO_TAPE_TYPE: :create();
for (size_t i = 0; i < n; i++) {
DCO_MODE: :global_tape->register_variable(x[i]);
value(x[il) = xv[il;
derivative(x[i]) = xall[il;
x_in[i] = x[i];
}
DCO_TYPE y;

DCO_TAPE_POSITION_TYPE p = DCO_MODE: : global_tape->get_position();

f(x, y);

cerr << "ts=" << dco::size_of (DCO_MODE: :global_tape) << "B" << endl;

yv = value(y);
derivative(y) = yal;

//%% The callback ts tmplemented in vectorized fashion, not with

//**% scalars, see g_gap.hpp:21.
DCO_MODE: :global_tape->scalar_callback_mode() = false;

DCO_MODE: :global_tape->interpret_adjoint_and_reset_to(p);

for (size_t i = 0; i < n; i++)
xal[i] = derivative(x_in[il);
DCO_TAPE_TYPE: :remove (DCO_MODE: : global_tape) ;

#include <iostream>
#include <cstdlib>
#include <vector>
#include <array>
#include <cmath>
using namespace std;

#include "driver.hpp"
int main() {
cout.precision(5);

int n = 5;
vector<double> x(n);
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vector<array<double, N>> xal(n, array<double, N>{});
double y = 0;
array<double, N> yal;
for (int i = 0; i < n; i++) {

x[i] = cos(double(i));
}
for (int i = 0; i < N; i++) {

yall[i]l = i + 1;
}
driver(x, xal, y, yal);
cout << "y=" << y << endl;
for (int i = 0; i < n; i++)

for (int j = 0; j < n; j++)

cout << "x_{(D)I[" << i << "J[" << j << "]=" << xall[il[j] << endl;

return O;

}

The following output is generated:

ts=0.00048065185546875MB
y=8.25091096598783
x_{(1)}[0]=11.489759590862
x_{(1)}[1]1=6.20794360081331
x_{(1)}[2]=-4.78142710642441

x_{(1)}[3]=-11.3747757826964
x_{(1)}[4]1=-7.51020806182345

Calling g instead of g_make_gap in f yields
t5=0.0006866455078125MB

y=8.25091096598783
x_{(1)}[0]=11.489759590862

4.30.3 Concepts introduced in this Section
DCO_TAPE_TYPE: :scalar_callback_mode
Returns reference to tape member boolean, which switches scalar callback mode on and off. If

switched on, external adjoint callbacks are called multiple times, once for each vector element. It
is initialized to true by default.

4.31 First-order Adjoint Mode: Local Preaccumulation Us-
ing First-order Tangent Code

Example program can be found here: examples/gals_preaccumulation
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4.31.1 Purpose

This section illustrates the use of hand-written tangent code for the preaccumulation of local

Jacobians embedded into a dco/c++ first-order adjoint mode computation.

4.31.2 Example
#include "g_gap.hpp"

template <typename AD_TYPE> void f(int n, AD_TYPE& x) {
gn / 3, x);
gn / 3, x);
// g_make_gap (n/3,x);
gn -n/ 3 %2, x);

#include "g.hpp"

template <typename DCO_BASE_TYPE>
void gt(int n, DCO_BASE_TYPE& x, DCO_BASE_TYPE& xt1) {
for (int i = 0; i < n; i++) {
xtl = cos(x) * xtil;
x = sin(x);
}
}

void g_make_gap(int n, DCO_TYPE& x) {
typedef DCO_MODE: :value_t DCO_VALUE_TYPE;

DCO_VALUE_TYPE xt = 1.;
gt(n, dco::value(x), xt);

DCO_TYPE x_in(x);
DCO_MODE: :global_tape->register_variable(x);

auto fill_gap = [=] () { dco::derivative(x_in) += xt * dco::derivative(x); };
DCO_MODE: :global_tape->insert_callback(std: :move(fill_gap));

#include <cmath>

using namespace std;

template <typename ATYPE> void g(int n, ATYPEX x) {

for (int i = 0; i < n; i++)
x = sin(x);

#include <iostream>
#include <cmath>
#include "dco.hpp"

using namespace std;
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using namespace dco;

typedef gals<double> DCO_MODE;

typedef DCO_MODE: :type DCO_TYPE;

typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

typedef DCO_TAPE_TYPE::iterator_t DCO_TAPE_POSITION_TYPE;

#include "f.hpp"

void driver(const int n, double& xv, double& xa) {
DCO_TYPE x = xv;
DCO_MODE: :global_tape = DCO_TAPE_TYPE: :create();
DCO_MODE: :global_tape->register_variable(x) ;
DCO_TYPE x_in = x;
DCO_TAPE_POSITION_TYPE p = DCO_MODE: :global_tape->get_position();
f(n, x);
cerr << "ts=" << dco::size_of (DCO_MODE: :global_tape) << "B" << endl;
derivative(x) = xa;
DCO_MODE: :global_tape->interpret_adjoint_and_reset_to(p);
xv = value(x);
xa = derivative(x_in);
DCO_TAPE_TYPE: : remove (DCO_MODE: : global_tape) ;

#include <cassert>
#include <cstdlib>
#include <iostream>
using namespace std;

#include "driver.hpp

int main() {
cout.precision(5);
int n = 10;
double x = 2.1, xal = 1.0;
driver(n, x, xal);
cout << "x=" << x << endl;
cout << "x_{(1)}=" << xal << endl;
return 0;

}

The following output is generated:

ts=0.000335693359375MB

x=0.466043407062983
x_{(1)}=-0.0692765151830291

Calling g instead of g_make_gap in f yields
ts=0.00040435791015625MB

x=0.466043407062983
x_{(1)}=-0.0692765151830291
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4.31.3

None.

4.32 Second-order Adjoint Mode: Local Preaccumulation

Concepts introduced in this Section

Using First-order Tangent Code

Example program can be found here: examples/gt2s_gals_preaccumulation

4.32.1

This section illustrates the use of hand-written first-order tangent code for the preaccumulation
of a local Jacobian embedded into a dco/c++ second-order adjoint mode computation.

4.32.2

Purpose

Example

#include <iostream>
#include <cmath>
#include "dco.hpp"

using namespace std;

using namespace dco;

typedef
typedef
typedef
typedef
typedef
typedef

gtls<double> DCO_BASE_MODE;

DCO_BASE_MODE: : type DCO_BASE_TYPE;
gals<DCO_BASE_TYPE> DCO_MODE;

DCO_MODE: : type DCO_TYPE;

DCO_MODE: : tape_t DCO_TAPE_TYPE;

DCO_TAPE_TYPE: :iterator_t DCO_TAPE_POSITION_TYPE;

#include "f.hpp"

void driver(const int n, double& xv, double& xt2, double& xal, double& xt2al) {

DCO_TYPE x;
passive_value(x) = xv;

derivative(value(x)) = xt2;

DCO_MODE: :global_tape = DCO_TAPE_TYPE: :create();
DCO_MODE: :global_tape->register_variable(x);
DCO_TYPE x_in = x;

DCO_TAPE_POSITION_TYPE p = DCO_MODE: :global_tape->get_position();
f(n, x);

cerr << "ts=" << dco::size_of (DCO_MODE: :global_tape) << "B" << endl;
passive_value(x);

XV =
xt2 =

derivative(value(x));

value(derivative(x)) = xail;
derivative(derivative(x)) = xt2ail;
DCO_MODE: :global_tape->interpret_adjoint_and_reset_to(p);

xal =
xt2al

value(derivative(x_in));
= derivative(derivative(x_in));

DCO_TAPE_TYPE: :remove (DCO_MODE: : global_tape) ;

nag



36

10

11

12

13

14

15

16

17

18

dco/c++ User Guide 96

}

#include <cassert>
#include <cstdlib>
#include <iostream>
using namespace std;

#include "driver.hpp"

int main() {
int n = 10;
cout.precision(5);
double x = 2.1, xal = 1.0, xt2 = 1.0, xt2al = 0.0;
driver(n, x, xt2, xal, xt2al);
cout << "x=" << x << endl;
cout << "x“{(2)}=" << xt2 << endl;
cout << "x_{(1)}=" << xal << endl;
cout << "x_{(1)}"{(2)}=" << xt2al << endl;
return 0;

}
The following output is generated:

ts=0.00054168701171875MB

x=0.466043407062983
x~{(2)}=-0.0692765151830291
x_{(1)}=-0.0692765151830291
x_{(1)}"{(2)}=-0.22663755263662

Calling g instead of g_make_gap in f yields

ts=0.00064849853515625MB
x=0.466043407062983
x~{(2)}=-0.0692765151830291

x_{(1)}=-0.0692765151830291
x_{(1}"{(2)}=-0.22663755263662

4.32.3 Concepts introduced in this Section

None.

4.33 Adjoint Mode: Edge Insertion for Preaccumulation of
Local Gradients

Example program can be found here: examples/gals_preaccumulation_gradient_t

4.33.1 Purpose

This section illustrates the use of hand-written code for the preaccumulation of local gradients
embedded into a dco/c++ first-order adjoint mode computation. This interface works exactly the
same for higher order modes.
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4.33.2 Example

//*% This exzample shows how to add a custom gradient directly into the
//*% tape. No callback is introduced (see gals_external_manual for how
//*%% to use callbacks instead). This interface works exactly the same
//*% for higher order modes.

#include "dco.hpp"

//*% Custom multiplication function. Returns z*y.

template <typename T>

//*%% This implementation is only wvalid for adjoint dco types.
typename std::enable_if<dco::mode<T>::is_adjoint_type, T>::type
my_multiply(T const& x, T const& y) {

}

using value_t = typename dco::mode<T>::value_t;

//%* Declare active variable and assign tt to function wvalue,

//**% 4.e. the multiplication result. The function evaluation should
//*%% only use wvalue_t data; avotid active computation. If you need to
//*% use active data, switch the tape off first.

T z = dco::value(x) * dco::value(y);

//*% Compute partial derivatives (dz/dx and dz/dy). Again, only
//**% value_t data should be used.

value_t dzdx = dco::value(y);

value_t dzdy = dco::value(x);

//** Create local gradient builder; the constructor activates z
//*%*% (i.e. assigns new tape index).
typename dco::mode<T>::local_gradient_t z_gradient_builder(z);

//%% Gradient entries are passed element by element. First argument
//%% 1s the active input variable, second is the partial derivative
//**% w.r.t. that input. The second argument is of type value_t.
z_gradient_builder.put(x, dzdx);

z_gradient_builder.put(y, dzdy);

return z;

int main() {

nag

//%% Run first order adjoint. Usual driver code.
using mode_t = dco::gals<double>;
using type = mode_t::type;

mode_t::global_tape = mode_t::tape_t::create();

//%* Declare, inittalize, register inputs.
type x(1.0), y(2.0);

mode_t: :global_tape->register_variable(x);
mode_t: :global_tape->register_variable(y);

//** Record tape.
type z = my_multiply(x, y);
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//** Register output, seed adjoint, interpret tape.
mode_t: :global_tape->register_output_variable(z);
dco::derivative(z) = 1.0;

mode_t: :global_tape->interpret_adjoint();

std::cout << "dz/dx

" << dco::derivative(x) << std::endl;

std::cout << "dz/dy = " << dco::derivative(y) << std::endl;
return O;

}

The following output is generated:

dz/dx = 2

dz/dy = 1

4.33.3 Concepts introduced in this Section
DCO_MODE: :local_gradient_t

Local gradient type associated with DCO_MODE.

DCO_LOCAL_GRADIENT_TYPE: :put

Adds local gradient entry passed as the second argument with respect to variable passed as the
first argument.

4.34 First-order Adjoint Mode: User-Defined Adjoints

Example program can be found here: examples/gals_user_defined_adjoint

4.34.1 Purpose

This section illustrates the definitions of custom adjoints by the user in dco/c++ first-order adjoint
mode.

4.34.2 Example
#include "g_gap.hpp"
template <typename DCO_TYPE> void f(DCO_TYPE p, DCO_TYPE& x) {
p = exp(p);
/7 g(p,z);
g_make_gap(p, x);
X = X % p;

#include "g.hpp"

template <typename DCO_TYPE>
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void als_g(DCO_TYPE& pa, const DCO_TYPE& xv, DCO_TYPE& xa) {

pa = xa / (2 * xv);
}

void g_make_gap(const DCO_TYPE& p, DCO_TYPE& x) {

g(dco: :value(p), dco::value(x));
DCO_MODE: :global_tape->register_variable(x) ;

auto fill_gap = [=]10) {
DCO_MODE: :value_t pa = O;
als_g(pa, dco::value(x), dco::derivative(x));
dco::derivative(p) += pa;

};

DCO_MODE: :global_tape->insert_callback(std: :move(fill_gap));

}

template <class DCO_TYPE> void g(const DCO_TYPE& p, DCO_TYPE& x) {

const DCO_TYPE eps = le-12;
DCO_TYPE xp = x + 1;
while (fabs(x - xp) > eps) {
Xp = X;
x=xp - (xp * xp - p) / (2 % xp);
}
}

#include <iostream>
#include "dco.hpp"

using namespace std;
using namespace dco;

typedef gals<double> DCO_MODE;

typedef DCO_MODE: :type DCO_TYPE;

typedef DCO_MODE::tape_t DCO_TAPE_TYPE;

typedef DCO_TAPE_TYPE::iterator_t DCO_TAPE_POSITION_TYPE;

#include "f.hpp"

void driver(const double& pv, double& pa, double& xv, const double& xa) {

DCO_MODE: :global_tape = DCO_TAPE_TYPE: :create();
DCO_TYPE x = xv, p = pv;

DCO_MODE: :global_tape->register_variable(p) ;
f(p, x);

cerr << "ts=" << dco::size_of (DCO_MODE: :global_tape) << "B" << endl;

xv = value(x);

DCO_MODE: :global_tape->register_output_variable(x);
derivative(x) = xa;

DCO_MODE: :global_tape->interpret_adjoint();

pa = derivative(p);
DCO_TAPE_TYPE: : remove (DCO_MODE: : global_tape) ;
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#include <iostream>
using namespace std;

#include "driver.hpp"

int main() {
double xv = 1, pv = 5, xa = 1, pa = 0;
driver(pv, pa, xv, xa);
cout.precision(5);
cout << "x=" << xv << endl;
cout << "p_{(1)}=" << pa << endl;

return O;

}

The following output is generated:

ts=0.000160217MB

x=1808.04241445606
p_{(1)}=2712.06362168409

Calling g instead of g_make_gap in f yields
ts=0.000946045MB

x=1808.04241445606
p_{(1)}=2712.06362168409

4.34.3 Concepts introduced in this Section

None.

4.35 Second-order Adjoint Mode: User-Defined First-order
Adjoints

Example program can be found here: examples/gt2s_gals_user_defined_adjoint

4.35.1 Purpose

This section illustrates the definitions of custom first-order adjoints by the user in second-order
adjoint mode.

4.35.2 Example

#include <iostream>
#include "dco.hpp"

using namespace std;
using namespace dco;

typedef gtls<double> DCO_BASE_MODE;
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typedef DCO_BASE_MODE: :type DCO_BASE_TYPE;
typedef gals<DCO_BASE_TYPE> DCO_MODE;
typedef DCO_MODE: :type DCO_TYPE;

typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

#include "f.hpp"

void driver(const double& pv, const double& pt2, double& pal, double& palt2,

double& xv, double& xt2, const double& xal, const double& xalt2) {

DCO_TYPE p, x;
passive_value(p) = pv;
derivative(value(p)) = pt2;
passive_value(x) = xv;
DCO_MODE: :global_tape = DCO_TAPE_TYPE: :create();
DCO_MODE: :global_tape->register_variable(p);
f(p, x);
cerr << "ts=" << dco::size_of (DCO_MODE: :global_tape) << "B" << endl;
Xv = passive_value(x);
xt2 = derivative(value(x));
DCO_MODE: :global_tape->register_output_variable(x);
value(derivative(x)) = xal;
derivative(derivative(x)) = xalt2;
value(derivative(p)) = pal;
derivative(derivative(p)) = palt2;
DCO_MODE: :global_tape->interpret_adjoint();
pal = value(derivative(p));
palt2 = derivative(derivative(p));
DCO_TAPE_TYPE: :remove (DCO_MODE: : global_tape) ;

}

#include <cassert>
#include <cstdlib>
#include <iostream>
using namespace std;

#include "driver.hpp"

int main() {
cout.precision(5);

double p = 5, pt2 = 1, pal = 0, palt2 =0, x =1, xt2 = 0, xal = 1, xalt2 = 0;

driver(p, pt2, pal, palt2, x, xt2, xal, xalt2);
cout << "x=" << x << endl;

cout << "x"{(2)}=" << xt2 << endl;

cout << "p_{(1)}=" << pal << endl;

cout << "p_{(1)} " {(2)}=" << palt2 << endl;
return O;

}

The following output is generated:

ts=0.0002593994140625MB

x=1808.04241445606
x~{(2)}=2712.06362168409
p_{(1)}=2712.06362168409
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p-{(1)}7{(2)}=4068.09543252614
Calling g instead of g_make_gap in f yields
ts=0.00146484375MB

x=1808.04241445606
x~{(2)}=2712.06362168409
p_{(1)}=2712.06362168409
p_{(1)}"{(2)}=4068.09543252614

4.35.3 Concepts introduced in this Section

None.

4.36 First-order Adjoint Mode: Local Jacobian Preaccu-
mulation

Example program can be found here: examples/gals_jacobian_preaccumulation

4.36.1 Purpose

The size of the tape is reduced by preaccumulation of local Jacobians. An easy-to-use interface is
provided.

4.36.2 Remarks

Registration of outputs throws std: :runtime_error if the passed variable is not an output.

Nesting the preaccumulator and external adjoint functionality is not supported.

4.36.3 Example
Example Text

We consider the following implementation of an implicit Euler scheme for an initial value problem
for state x with control parameter p defined at each time step.

template<typename T>
void euler(const int from, const int to, T& x, const vector<T>& p) {
double dt=1./p.size();
for (int i=from;i<to;i++) {
T x_prev=x;
T f=-dt*p[il*sin(x*i*dt);
while (abs(f)>1le-7) {
x=x-f/(1-dt*p[i] *i*dt*cos(x*i*dt));
f=x-x_prev-dt*p[i] *sin(x*i*dt) ;
}
}
}
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The gradient of the approximate solution with respect to p is computed by the following driver.

#include <iostream>
#include <cmath>
#include <vector>
#include "dco.hpp"

using namespace std;

typedef dco::gals<double> DCO_MODE;
typedef DCO_MODE: :type DCO_TYPE;
typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

#include "f.h"

void driver() {

}

const int n = 20, s = 10;
const double x0 = 1;
vector<DCO_TYPE> p(n, 1);
DCO_MODE: :global_tape = DCO_TAPE_TYPE: :create();
for (int i = 0; i < n; i++)
DCO_MODE: :global_tape->register_variable(p[il);
DCO_TYPE x = x0;
DCO_MODE: : jacobian_preaccumulator_t jp(DCO_MODE::global_tape) ;
for (int i = 0; 1 < n; i +=38) {
jp.start(Q;
euler(i, min(i + s, n), x, p);
jp.register_output(x);
jp-finish();
}
DCO_MODE: :global_tape->register_output_variable(x);
dco::derivative(x) = 1;
DCO_MODE: :global_tape->interpret_adjoint();
for (int i =n /2 -3; i <n/ 2+ 3; i++)
cout << "dx/dp[" << i << "]=" << dco::derivative(p[i]) << endl;
DCO_TAPE_TYPE: : remove (DCO_MODE: : global_tape) ;

Local Jacobians (here gradients) of consecutive chunks of s implicit Euler steps are preaccumulated
to reduce the size of the tape. A corresponding jacobian_preaccumulator_t object jp is created
in line 22. A preaccumulation step is initiated in line 24 causing the following s implicit Euler
steps to be recorded followed by preaccumulation of the local Jacobian in adjoint mode. The
actual preaccumulation is triggered by registration of all active local outputs (here only x in line
26) and finalization in line 27.

Example Results

Instead of printing the whole gradient of size 1000 we inspect only selected elements. The following
output is generated:

dx/dp [497]=0.000636433
dx/dp[498]=0.000637576
dx/dp[499]=0.000638718
dx/dp [500]=0.00063986
dx/dp[501]1=0.000641
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dx/dp [502]=0.00064214

4.36.4 Concepts introduced in this Section
jacobian_preaccumulator_t
Easy to use interface for reduction of tape size through preaccumulation of local Jacobians. The

constructor of the Jacobian preaccumulator type expects a pointer to the associated tape as
argument.

jacobian_preaccumulator_t::start()

Start recording of tape used for preaccumulation.

jacobian_preaccumulator_t::register_output (DCO_TYPE&)

Register active outputs of computation subject to preaccumulation.

jacobian_preaccumulator_t::finish()

Preaccumulate local Jacobian and integrate into associated tape.

4.37 Second-order Adjoint Mode: Local Jacobian Preaccu-
mulation

Example program can be found here: examples/gt2s_gals_jacobian_preaccumulation

4.37.1 Purpose
First-order adjoints using preaccumulation of local Jacobians can be extended to second- (and

higher-)order adjoints by simply replacing the passive DCO_BASE_TYPE with an active first- (or
higher-)order tangent type.

4.37.2 Example

The example from Sec. 4.36.3 is extended towards second-order adjoints.

Example Text
#include <iostream>
#include <cmath>
#include <vector>
#include "dco.hpp"

using namespace std;

typedef dco::gtls<double>::type DCO_BASE_TYPE;
typedef dco::gals<DCO_BASE_TYPE> DCO_MODE;
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typedef DCO_MODE: :type DCO_TYPE;
typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

#include "f.h"

void driver() {
const int n = 20, s = 10;
const double x0 = 1;
vector<DCO_TYPE> p(n, 1);
vector<vector<double>> H(n, vector<double>(n, 0));
DCO_MODE: :global_tape = DCO_TAPE_TYPE: :create();
for (int i = 0; i < n; i++)

DCO_MODE: : global_tape->register_variable(p[i]);
DCO_TAPE_TYPE: :position_t tpos = DCO_MODE: :global_tape->get_position();
for (int j = 0; j < n; j++) {

DCO_TYPE x = x0;

dco::derivative(dco::value(p[jl)) = 1;

DCO_MODE: : jacobian_preaccumulator_t jp(DCO_MODE::global_tape) ;

for (int i = 0; i < n; i +=s8) {

jp-startQ;

euler(i, min(i + s, n), x, p);
jp.register_output(x);
jp.finish();

}

DCO_MODE: :global_tape->register_output_variable(x);

dco::derivative(x) = 1;

DCO_MODE: :global_tape->interpret_adjoint();

for (int i = 0; i < n; i++) {

H[i][j] = dco::derivative(dco::derivative(p[il));
dco::derivative(p[i]) = O;

}

DCO_MODE: :global_tape->reset_to(tpos);

dco::derivative(dco::value(p[jl)) = 0;

}
DCO_TAPE_TYPE: : remove (DCO_MODE: : global_tape) ;
for (int j=n/2-1; j<n/ 2+ 1; j++)
for (int i =n/2-1; 1i<n/ 2+ 1; i++)
cout << "ddx/dp[" << j << "]ldp[" << i << "]=" << H[jl[i] << endl;
}

Example Results

We restrict the output of the Hessian to a few selected entries:

ddx/dp[49]dp[49]=4.34577e-05
ddx/dp [491dp[50]=1.71089e-05
ddx/dp [50]1dp [49]=1.71089e-05
ddx/dp [50]dp [50]=4 .47534e-05

4.37.3 Concepts introduced in this Section

Seamless extension of a first-order adjoint with local Jacobian preaccumulation to second (and
higher) order is possible.
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4.38 First-order Adjoint Mode: Multiple Adjoint Vectors

Example program can be found here: examples/gals_multiple_adjoint_vectors

4.38.1 Purpose

Recording of a single tape can be followed by repeated (concurrent) interpretations in separate
address spaces implemented by multiple adjoint vectors of potentially different types; see also
DCO_ADJOINT_TYPE in Ch. 4.9.

4.38.2 Example

The implicit Euler case study from Sec. 4.36.3 is considered.

4.38.3 Example Text

OpenMP multithreading is used for parallel interpretation of a single tape for the implicit Euler
scheme using two adjoint vectors.

#include <iostream>
#include <cmath>
#include <omp.h>

#include "dco.hpp"

typedef dco::gals<double> DCO_MODE;
typedef DCO_MODE: :type DCO_TYPE;
typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

#include "f.h"
using namespace std;

void driver(float& adjoint_float, double& adjoint_double) {
const int n = 1000;
double x0 = 1;
vector<DCO_TYPE> p(n, 1);
DCO_MODE: :global_tape = DCO_TAPE_TYPE: :create();
for (int i = 0; i < n; i++)
DCO_MODE: :global_tape->register_variable(p[il);
DCO_TYPE x = x0;
euler(0, n, x, p);
DCO_MODE: :global_tape->register_output_variable(x);

omp_set_num_threads(2);

//**% this is required, since the global_tape pointer is threadlocal;
//*% alternatively, use compile-time flag -DDCO_NO_THREADLOCAL and
//*% just use DCO_MODE: :global_tape in both threads.

DCO_MODE: : tape_t* shared_global_tape = DCO_MODE::global_tape;

#pragma omp parallel
{
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switch (omp_get_thread_num()) {

case 0: {
dco::adjoint_vector<DCO_TAPE_TYPE, float> av_float(shared_global_tape) ;
dco::derivative(x, av_float) = 1;
av_float.interpret_adjoint();
adjoint_float = dco::derivative(p[n / 2], av_float);
break;

3

case 1: {
dco::adjoint_vector<DCO_TAPE_TYPE, double> av_double(shared_global_tape);
dco::derivative(x, av_double) = 1;
av_double. interpret_adjoint () ;
adjoint_double = dco::derivative(p[n / 2], av_double);

}

default: {

}

3

}

DCO_TAPE_TYPE: : remove (DCO_MODE: : global_tape) ;
}

A single tape is recorded in lines 17-22 prior to entering the parallel regions in line 33. Thread
0 allocates an adjoint vector over DCO_ADJOINT_TYPE=float in lines 37-38. Similarly, an adjoint
vector over DCO_ADJOINT_TYPE=double is allocated by thread 1 in lines 45-46. Access to derivative
components requires specification of the associated adjoint vector (e.g., lines 41 and 49). Inter-
pretation is called for the individual adjoint vectors in lines 40 und 48 followed by printing the
respective results. Mind the use of shared_global_tape in line 31, 38, and 46.

4.38.4 Example Results

The following output is generated.

float dx/dp=0.000639859
double dx/dp=0.00063986

Only six significant digits can be expected from the computation in single precision.

4.38.5 Concepts introduced in this Section
adjoint_vector<DCO_TAPE_TYPE,DCO_ADJOINT_TYPE>
Adjoint vector of type DCO_ADJOINT_TYPE associated with a tape of type DCO_TAPE_TYPE. A given

instance of adjoint_vector is referred to as DCO_ADJOINT_VECTOR_TYPE. The constructor of
adjoint_vector expects a pointer to the associated tape as an argument.

derivative (DCO_T&,DCO_ADJOINT_VECTOR_TYPE&)

Derivative access requires specification of the associated adjoint vector.

DCO_ADJOINT_VECTOR_TYPE: :interpret_adjoint()
Interpreters are called directly on the adjoint vector.
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4.39 Modulo Adjoint Propagation

Example program can be found here: examples/gals_mod

4.39.1 Purpose

For each adjoint mode X already shown (i.e. X € gals, galsm, galv, galvm) there is a mode
called X_mod, where the required size for the vector of adjoints is potentially much smaller than
with the usual mode. The vector of adjoints is compressed by analysing the maximum number of
required distinct adjoint memory locations. During interpretation, adjoint memory, which is no
longer required, is overwritten and thus reused by indexing through modulo operations.

This feature is especially useful for iterative algorithms (e.g. time iteration). The required memory
for the vector of adjoints usually stays constant, independent of the number of iterations.

This mode requires many modulo operations during interpretation. This introduces a slow down.
Expect the recording runtime of X_mod to be similar to mode X.

4.40 Optimization

A faster modulo operation can be performed on numbers which are a power of two:

int a = rand();
a % 32 ==ak& 31; // this is true

To enable this feature, define DCO_BITWISE_MODULO at compile time (see Ch. 2). This will round
up the adjoint vector size to the next power of two for exploiting the above optimization. (Thanks
to M. Towara)

Please check memory decrease with

dco::size_of (tape, TAPE::size_of_internal_adjoint_vector)}

see Sec. 3.1.8.

4.40.1 Example

We consider an example for gals_mod: A simple Euler time stepping for the one-dimensional

ordinary differential equation

dx

dt
with state z € R, free parameter p € R and initial condition z(0,p) = 1. Time is discretized
equidistantly between 0 and 1 into n time steps. This is implemented in timestepping.hpp:

#include <cmath>

template <typename T> void f(const int n, T& x, const T& p) {
double dt = 1. / n, t = 0;
for (int i = 0; i < n; i++, t += dt)

x += dt * p * sin(x * t);

}

The main routine is given as follows.
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#include "dco.hpp"

using namespace std;
using namespace dco;

typedef dco::gals_mod<double> DCO_MODE;
typedef DCO_MODE: :type DCO_TYPE;
typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

#include "timestepping.hpp"

int main(int c, charx v[]) {
int n = 10;
if (¢ == 2) {
n = atoi(v[1]);
}

DCO_TYPE x = 1.0, p = 1.0;
DCO_MODE: :global_tape = DCO_TAPE_TYPE::create();
DCO_MODE: :global_tape->register_variable(p);

f(n, x, p);

dco::derivative(x) = 1.0;
DCO_MODE: :global_tape->interpret_adjoint();

cerr << "size of internal adjoint vector ="
<< dco::size_of (DCO_MODE: : global_tape,
DCO_TAPE_TYPE: :size_of_internal_adjoint_vector)
<< "b" << endl;
cerr << "size of tape memory =
<< dco::size_of (DCO_MODE: :global_tape, DCO_TAPE_TYPE::size_of_stack)
<< "b" << endl;

cout << "dp=" << dco::derivative(p) << endl;

DCO_TAPE_TYPE: : remove (DCO_MODE: : global_tape) ;
return O;

}

Output for n = 10 is

size of internal adjoint vector = 40b

size of tape memory = 300b
and for n = 1000

size of internal adjoint vector = 40b
size of tape memory = 35940b

The size of the internal adjoint vector stays constant, while the stack memory grows with the
number of time iterations. In combination with the disk tape, this is a very powerful feature.

Remark: The maximum number of required distinct adjoint memory location depends on the
farthest dependency apart from the registered variables.
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Remark: It is required to register the inputs at the very beginning, before recording anything. If
variables are registered during recording, their adjoint is only correct at the respective position
during interpretation. Use get_position() tape member function.

4.40.2 Concepts introduced in this Section
gals_mod<DCO_BASE_TYPE>

Generic first-order adjoint scalar mode using modulo adjoint propagation.

4.41 Sparse Tape Interpretation

Example program can be found here: examples/sparse_interpret

4.41.1 Purpose

The adjoint interpretation of the tape can omit propagation along edges when the corresponding
adjoint to be propagated is zero. This might be of use when NaNs or Infs occur as local partial
derivatives, but this local result is not used for subsequent computations which are relevant for
the overall output. This option should not be used by default since it might hide NaNs or Infs
that hint to actual problems in the code (e.g. log(z) at © = 0). If a respective tangent version
does not suffer from NaNs or Infs, it is likely that this option resolves the issue for the adjoint. It
can be used in the following way:

DCO_M: :global_tape=DCO_TAPE_T::create();

// record

DCO_M: :global_tape->sparse_interpret() = true;
DCO_M: :global_tape->interpret_adjoint();

DCO_M: :global_tape->zero_adjoints();
DCO_M: :global_tape->sparse_interpret() = false;
DCO_M: :global_tape->interpret_adjoint();

4.41.2 Example

We consider an example for sparse interpretation: A specific path in the program produces NaN
local partial derivatives. The overall output is independent of this local variable though; so sparse
interpret resolves the problem of NaN propagation.

#include "dco.hpp"

typedef dco::gals<double> DCO_MODE;
typedef DCO_MODE: :type DCO_TYPE;
typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

int main() {

DCO_MODE: :global_tape = DCO_TAPE_TYPE: :create();
DCO_TYPE x(0.0);
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DCO_MODE: :global_tape->register_variable(x) ;
DCO_TYPE t = sqrt(x * x);

(void)t; // unused...

DCO_TYPE y = 2 * x;

dco::derivative(y) = 1.0;
DCO_MODE: :global_tape->interpret_adjoint();

std::cerr << "Adjoint of x without sparse interpretation: "
<< dco::derivative(x) << std::endl;

DCO_MODE: :global_tape->zero_adjoints();
DCO_MODE: :global_tape->sparse_interpret() = true;

dco::derivative(y) = 1.0;
DCO_MODE: :global_tape->interpret_adjoint();

std::cout << "Adjoint of x with sparse interpretation: " << dco::derivative(x)
<< std::endl;

DCO_TAPE_TYPE: :remove (DCO_MODE: : global_tape) ;

4.41.3 Concepts introduced in this Section
TAPE_T: :sparse_interpret ()

Enable and disable sparse interpretation.

4.42 First-order Adjoint Mode: Custom Tape Interpreation
Hook

Example program can be found here: examples/gals_custom_tape_interpretation_hook

4.42.1 Purpose

This section illustrates the use of a custom callable inserted into the interpreter to monitor edge
propagation. In the example, the Jacobian sparsity information is extracted in two ways. Both
the indices of inputs with nonzero adjoints and the Jacobian matrix stored in Coordinate Sparse
Format are returned. A global tape is used.

4.42.2 Example

#include <iostream>
#include <vector>

#include "dco.hpp"
// This example program demonstrates how a custom hook can be inserted into
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// interpreter to monitor edge propagation.

// Operator of the discretised 1D Poisson equation:
template <typename T> void f(std::vector<T>& x, std::vector<T>& y) {
for (std::size_t i = 0; i < x.size(); i++) {
if (i ==0) {
y[i]l = 2 * x[i] - x[i + 1];
} else if (0 < i && i < x.size() - 1) {

y[i]l = -x[i - 1] + 2 * x[i] - x[1 + 1];
} else {

y[i] = -x[i - 1] + 2 * x[i];
}

}
}

int main() {

using mode_t = dco::gals<double>;
using type = mode_t::type;

mode_t::global_tape = mode_t::tape_t::create();

size_t n = 4;

std: :vector<type> x(n, 1.0), y(n, 0.0);

mode_t: :global_tape->register_variable(x);

f(x, y);

mode_t: :global_tape->register_output_variable(y);

// Indices of inputs with nonzero adjoints:

std: :vector<dco::index_t> indices;

// Store Jacobian matriz in coordinate sparse format:
std::vector<dco::index_t> rows, cols, vals;

// A reference to the internal vector of adjoints:
auto& adjoints = mode_t::global_tape->adjoints();

for (size_t j = 0; j < mn; j++) {
// Extract the row, column and value components of the Jacobian matriz
// stored in COO Sparse format and indices of inputs with nonzero adjoints.
auto lambda = [&] (dco::index_t idx, mode_t::derivative_t comnst& inc) {
if (idx <= dco::tape_index(x.back()) && inc !'= 0.0) {
// Fill CO0 matriz:
rows.push_back(j);
cols.push_back(idx - 1);
vals.push_back(adjoints[idx]) ;
// Get indices of inputs with nonzero adjoints:
indices.push_back(idx) ;
}
s
mode_t: :global_tape->zero_adjoints();
dco::derivative(y[jl) = 1.0;
mode_t: :global_tape->interpret_adjoint(lambda) ;

std::cout << "Printing indices of nonzero adjoints for j=" << j << ":"
<< std::endl;
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for (size_t i =

<< "," << std::endl;

}

indices.clear();

0; i < indices.size(); i++) {
std::cout << "Input variable stored in index " << indices[i];
std::cout << " has corresponding derivative = " << adjoints[indices[i]]

std::cout << std::endl << std::endl;

3

// Multiple occurences of the same (row,column) pair could appear in this
the value of the element stored in the

// matriz structure. In such case,

// (row,column) position is the sum of the walue components in the occurences.
std::cout << "Printing elements of the sparse Jacobian matrix stored in
"coordinate sparse format:"

<< std::endl;

for (std::size_t i = 0; i < rows.size(); i++) {

std::cout << "(row =
<< n s

}

" << rows[i] << ", column
value = " << vals[i] << ")" << std::endl;

mode_t: :tape_t::remove(mode_t::global_tape);

return O;

}

The following output is generated for n=10 and m=2:

Printing indices of nonzero adjoints
Input variable stored in index 2 has
Input variable stored in index 1 has

Printing indices of nonzero adjoints
Input variable stored in index 3 has
Input variable stored in index 2 has
Input variable stored in index 1 has

Printing indices of nonzero adjoints
Input variable stored in index 4 has
Input variable stored in index 3 has
Input variable stored in index 2 has

Printing indices of nonzero adjoints
Input variable stored in index 4 has
Input variable stored in index 3 has

Printing elements of the sparse Jacobian matrix stored in coordinate sparse format:

(row = 0, column = 1, value = -1)
(row = 0, column = 0, value = 2)
(row = 1, column = 2, value = -1)
(row = 1, column = 1, value = 2)
nag

for j=0:
corresponding
corresponding

for j=1:

corresponding
corresponding
corresponding

for j=2:

corresponding
corresponding
corresponding

for j=3:
corresponding
corresponding

= " << cols[il

derivative
derivative

derivative

derivative =

derivative

derivative

derivative =

derivative

derivative
derivative

O
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(row = 1, column = 0, value = -1)
(row = 2, column = 3, value = -1)
(row = 2, column = 2, value = 2)
(row = 2, column = 1, value = -1)
(row = 3, column = 3, value = 2)
(row = 3, column = 2, value = -1)

4.42.3 Concepts introduced in this Section
DCO_TAPE_TYPE: :adjoints

Returns a reference to the internal vector of adjoints.

4.43 Logging

4.43.1 Purpose

Logging might be useful for information and debugging purposes.

Logging has different levels of verbosity. The maximum logging level is defined at compile time
via preprocessor define DCO_LOG_MAX_LEVEL. This is required, since high logging levels have an
impact on performance. In addition, the logging level can be set at runtime (up to the maximum
logging level).

With g++ the logging can be disabled by
g++ main.cpp -DDCO_LOG_MAX_LEVEL=-1
and fully enable by

g++ main.cpp -DDCO_LOG_MAX_LEVEL=7

By default, the logger writes to stderr.

4.43.2 Example

The user interface to logging at runtime is via a global logger object.

dco: :logger::level()=dco: :1ogINFO;
dco::logger: :stream()=stdout;

In the example, the level is set to LogINFO and the stream is changed to stdout. The default level
is set to DCO_LOG_MAX_LEVEL.

4.43.3 Concepts introduced in this Section
enum dco::log_level_enum

Different verbosity levels, defined as

enum log_level_enum {logERROR, 1logWARNING, logINFO, logDEBUG, logDEBUG1,
1logDEBUG2, logDEBUG3, 1logDEBUG4};
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dco::log_level_enum& dco::logger::level()

Set/get the current logging level.

FILE*& dco::logger::stream()

Set/get the current logging stream. Default is stderr, but could also be stdout or a file, i.e.
std: :fopen("dco.log", "w").

4.44 Explicit Type Cast to Specified Type

4.44.1 Purpose

As already written in General Remarks / Essentials, Ch. 2: Usually, it is not desired to cast a
dco/c++ type to a non-dco type (e.g. double), since dco/c++ is then unable to compute derivatives
of that data flow. Nonetheless, there are cases, where a cast is actually what you want to do (e.g.
cast to int for an index calculation). We therefore allow explicit cast operations to specified data
types (implicit casts are not allowed). Use carefully.

Remarks

This is only available in C++11, since the implementation uses the explicit keyword on con-
version functions. Please see https://en.cppreference.com/w/cpp/language/cast_operator
for description of explicit keyword. This enables cast operations for explicit conversion and
direct-initialization. The latter might be a source for errors, see Example.

4.44.2 Example

#include "dco.hpp"
DCO_ENABLE_EXPLICIT_TYPE_CAST_TO(int)

int main() {
dco::gtls<double>::type x(1.0);
// explictt conversion
int i = static_cast<int>(x);
// direct-initialization
int j(x);

}

4.44.3 Concepts introduced in this Section
DCO_ENABLE_EXPLICIT_TYPE_CAST_TO(TYPE)

This macro enables the explicit operator to type TYPE, i.e.

explicit operator TYPE() { return static_cast<TYPE>(dco::value(*this)); }

That means, it will automatically try recursively to cast to the specified type, if requested. The
recursion is required for higher-order types.
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4.45 Huge Pages

This is currently only supported under Linux. Please contact NAG (support@nag.co.uk) if you
want this feature for other platforms.

4.45.1 Purpose

See for example https://wiki.debian.org/Hugepages for a description of huge pages in Debian.
By default, most systems use a page size of 4kB. Since dco/c++ uses a lot of memory for the tape,
a lot of pages are allocated. To get faster lookup, larger page sizes can be used (e.g. 2MB on usual
Linux systems).

4.45.2 Usage

The tape_options object can be used to enable huge page allocation in dco/c++.

dco::tape_options o;
o.alloc_use_huge_pages() = true;
DCO_MODE: :global_tape=DCO_TAPE_TYPE: :create (o) ;

Please make sure you’ve enabled huge pages support in your system. Under Linux, memory for
huge pages needs to be created at system level first by running

sudo sysctl -w vm.nr_hugepages=NUMBER

where NUMBER is the number of huge pages available for allocation. This memory will be directly
blocked by the system (see e.g. htop). You can see how many pages are blocked by running

cat /proc/meminfo | grep Huge

A sample output would look like the following:

AnonHugePages: 0 kB
ShmemHugePages: 0 kB
HugePages_Total: 1024
HugePages_Free: 1024
HugePages_Rsvd: 0
HugePages_Surp: 0
Hugepagesize: 2048 kB

4.46 Thread-Parallel Taping: Monte Carlo

Example program can be found here: examples/thread_parallel_taping

4.46.1 Purpose

The dco/c++ tape is by default thread-local. Per thread, with gals, the tape has global scope.
When using a main thread to compute the first part of a function, and then start using thread-
parallel execution, two things need to be taken into account when computing adjoints.

e A synchronization between the main and the thread-local tapes need to take place when the
thread-parallel execution starts.
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e A reduction of thread-local adjoints is required after having interpreted the thread-local
tapes.

4.46.2 Example
We've implemented a mocked-up Monte Carlo pricer. The main thread does the calibration,

which produces a result used by all threads in the thread-parallel Monte Carlo. We implemented
pathwise adjoints with early propagation here, since we know the output adjoints already.

4.46.3 Concepts introduced in this Section
DCO_TAPE_TYPE: :synchronize_with(DCO_TAPE_TYPE const * const)

Synchronizes the tape state (internal counters) with the passed tape. This is required to be able
to continue recording on this tape with variables previously registered in the other tape.

DCO_TAPE_TYPE: :adjoint (DCO_TYPE const&)

Returns a reference to the corresponding adjoint variable from the internal vector of adjoints.

na B onemns | RWNTH
E



Appendix A

Status of User Interface

Definitions:

e Gold: tested, signature fix, fully documented
e Silver: tested, signature fix
e Bronze: tested

e Undefined: experimental

We assume global use of namespace dco.

Disclaimer: The following code listings do not show the exact dco source. They are meant to
give you an overview of the available features. Refer to the example programs for more precise
information.

A.1 Gold

We are in the process of discussing the level of detail required for features to be considered “fully
documented.”

A.2 Silver

— The tangent first-order scalar mode over the given DCO_BASE_TYPE.
typedef gtls<DCO_BASE_TYPE> DCO_GT1S_MODE;

— The tangent first-order scalar type for the given DCO_GT1S_MODE.
typedef DCO_GT1S_MODE::type DCO_GT1S_TYPE;

— The adjoint first-order scalar mode over the given DCO_BASE_TYPE.
typedef gals<DCO_BASE_TYPE> DCO_GA1S_MODE;

— The adjoint first-order scalar mode over the given DCO_VALUE_TYPE, DCO_PARTIAL_TYPE, and
DCO_ADJOINT_TYPE.
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typedef gals< DCO_VALUE_TYPE, DCO_PARTIAL_TYPE, DCO_ADJOINT_TYPE >
DCO_GA1S_MODE;

— The chunk size of tape determined by the user.

dco::tape_options o;
o.set_chunk_size_in_byte(1024%x1024%1024) ;
o.set_chunk_size_in_kbyte (1024%1024) ;
o.set_chunk_size_in_mbyte(1024);
o.set_chunk_size_in_gbyte(1);

std::cout << o.chunk_size_in_byte() << std::endl;
DCO_M: :global_tape=DCO_TAPE_T: :create(o);

— The blob size of tape determined by the user.

dco::tape_options o;
o.set_blob_size_in_byte(1024%1024%1024) ;
o.set_blob_size_in_kbyte(1024%1024) ;
o.set_blob_size_in_mbyte(1024);
o.set_blob_size_in_gbyte(1);

std::cout << o.blob_size_in_byte() << std::endl;
DCO_M: :global_tape=DCO_TAPE_T: :create(o);

— The adjoint first-order scalar type for the given DCO_GA1S_MODE.
typedef DCO_GA1S_MODE: :type DCO_GA1S_TYPE;

— The tangent first-order vector mode over the given DCO_BASE_TYPE with the vector length
v_size.

typedef gtlv< DCO_BASE_TYPE, v_size=1> DCO_GT1V_MODE;

— The tangent first-order vector type for the given DCO_GT1V_MODE.
typedef DCO_GT1V_MODE::type DCO_GT1V_TYPE;

— The adjoint first-order vector mode over the given DCO_BASE_TYPE with the vector length
v_size.

typedef galv< DCO_BASE_TYPE, v_size=1 > DCO_GA1V_MODE;

— The adjoint first-order vector type for the given DCO_GA1V_MODE.
typedef DCO_GA1V_MODE: :type DCO_GA1V_TYPE;

— The adjoint first-order scalar mode with support for multiple tapes over the given DCO_BASE_TYPE.
typedef galsm< DCO_BASE_TYPE > DCO_GA1SM_MODE;

— The adjoint first-order scalar type with support for multiple tapes for the given DCO_GA1SM_MODE.
typedef DCO_GA1SM_MODE: :type DCO_GA1SM_TYPE;

— The adjoint first-order scalar mode over the given DCO_BASE_TYPE using modulo adjoint
propagation.

typedef gals_mod< DCO_BASE_TYPE > DCO_GA1S_MOD_MODE;
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— The adjoint first-order vector mode over the given DCO_BASE_TYPE using modulo adjoint
propagation.

typedef galv_mod< DCO_BASE_TYPE, v_size=1 > DCO_GA1SV_MOD_MODE;

— The adjoint first-order scalar mode with support for multiple tapes using modulo adjoint
propagation over the given DCO_BASE_TYPE.

typedef galsm_mod< DCO_BASE_TYPE > DCO_GA1SM_MOD_MODE;

— The adjoint first-order vector mode with support for multiple tapes using modulo adjoint
propagation over the given DCO_BASE_TYPE.

typedef galvm_mod< DCO_BASE_TYPE > DCO_GA1vM_MOD_MODE;

From now on:

e DCO_MODE € DCO_x_MODE with x € {GT1S, GA1S, GA1SM, GT1V, GA1V, GA1S_MOD, GA1SM_MOD
, GA1V_MOD, GA1VM_MOD} over base type DCO_BASE_TYPE

e typedef DCO_MODE::type DCO_TYPE;

e [] denotes optional descriptor

— The type of value component of variables of type DCO_MODE: : type (equal DCO_BASE_TYPE).
typedef DCO_MODE: :value_t DCO_VALUE_TYPE;

— The type of derivative component of variables of type DCO_MODE: : type.
typedef DCO_MODE: :derivative_t DCO_DERIVATIVE_TYPE;

— The type of underlying passive value component of variables of type DCO_MODE: : type.
typedef DCO_MODE: :passive_t DCO_PASSIVE_TYPE;

— Returns [read-only] reference to passive value of x (usually double); supports std: :vector.

[const] DCO_PASSIVE_TYPE& passive_value ( [const] DCO_TYPE &x );

— Returns [read-only] reference to value component of x; supports std: :vector.

[const] DCO_VALUE_TYPE& value ( [comnst] DCO_TYPE &x );

— Returns [read-only] reference to derivative component (tangent or adjoint) of x; supports
std: :vector.

[const] DCO_DERIVATIVE_TYPE& derivative ( [const] DCO_TYPE &x );

— The tape type; is void for all tangent modes.
typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;
The following description is only valid for adjoint modes.

— The global tape.
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DCO_TAPE_TYPE* DCO_MODE: :global_tape;

— Creates tape and returns pointer to it.

static DCO_TAPE_TYPE* DCO_TAPE_TYPE::create ();

— Deallocates tape pointed at by t and sets t = 0.
static void DCO_TAPE_TYPE::remove ( DCO_TAPE_TYPE* &t );

— A position in tape.

typedef typename DCO_TAPE_TYPE::iterator_t DCO_TAPE_POSITION_TYPE;

— Returns current position in tape.

DCO_TAPE_POSITION_TYPE DCO_TAPE_TYPE: :get_position ();

— Marks x as an independent variable.

void DCO_TAPE_TYPE: :register_variable ( DCO_TYPE &x );

— Marks x as a dependent variable.

void DCO_TAPE_TYPE::register_output_variable ( DCO_TYPE &x );

— Runs tape interpreter. A callable can be provided as an argument to customize the inter-
preter, e.g., for extracting Jacobian sparsity information.

template <typename LAMBDA_T>
void DCO_TAPE_TYPE::interpret_adjoint (

LAMBDA_T const & lambda = [&] (dco::index_t, DCO_DERIVATIVE_TYPE){}
)3

— Runs tape interpreter from tape position ’from’ to first entry. A callable can be provided as
an argument to customize the interpreter, e.g., for extracting Jacobian sparsity information.

template <typename LAMBDA_T>
void DCO_TAPE_TYPE: :interpret_adjoint_from (

const DCO_TAPE_POSITION_TYPE &from,

LAMBDA_T const & lambda = [&] (dco::index_t, DCO_DERIVATIVE_TYPE){}
)5

— Runs tape interpreter from last entry to tape position 'to’. A callable can be provided as an
argument to customize the interpreter, e.g., for extracting Jacobian sparsity information.

template <typename LAMBDA_T>

void DCO_TAPE_TYPE::interpret_adjoint_to (

const DCO_TAPE_POSITION_TYPE &to,

LAMBDA_T const & lambda = [&](dco::index_t, DCO_DERIVATIVE_TYPE)<{}
)3

— Runs tape interpreter from tape position 'from’ to tape position 'to’. A callable can be
provided as an argument to customize the interpreter, e.g., for extracting Jacobian sparsity
information.
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template <typename LAMBDA_T>

void DCO_TAPE_TYPE::interpret_adjoint_from_to (

const DCO_TAPE_POSITION_TYPE &from,

const DCO_TAPE_POSITION_TYPE &to,

LAMBDA_T const & lambda = [&](dco::index_t, DCO_DERIVATIVE_TYPE)<{}
);

— Resets current tape position to first entry.

Remark: Make sure you are not using any active variables from the reset tape section
afterwards.

void DCO_TAPE_TYPE::reset ();

— Runs tape interpreter from last entry to tape position to’ and sets current tape position
to ’to’. A callable can be provided as an argument to customize the interpreter, e.g., for
extracting Jacobian sparsity information.

Remark: Make sure you are not using any active variables from the reset tape section
afterwards.

template <typename LAMBDA_T>
void DCO_TAPE_TYPE: :interpret_adjoint_and_reset_to (

const DCO_TAPE_POSITION_TYPE &to,

LAMBDA_T const & lambda = [&] (dco::index_t, DCO_DERIVATIVE_TYPE){}
)3

— Runs tape interpreter from tape position 'from’ to tape position 'to’ and sets corresponding
adjoints to zero. A callable can be provided as an argument to customize the interpreter,
e.g., for extracting Jacobian sparsity information.

template <typename LAMBDA_T>

void DCO_TAPE_TYPE::interpret_adjoint_and_zero_adjoints_from_to (
const DCO_TAPE_POSITION_TYPE &from,

const DCO_TAPE_POSITION_TYPE &to,

LAMBDA_T const & lambda = [&](dco::index_t, DCO_DERIVATIVE_TYPE)<{}
);

— Runs tape interpreter from current position to tape position 'to’ and sets corresponding
adjoints to zero. A callable can be provided as an argument to customize the interpreter,
e.g., for extracting Jacobian sparsity information.

template <typename LAMBDA_T>
void DCO_TAPE_TYPE: :interpret_adjoint_and_zero_adjoints_to (

const DCO_TAPE_POSITION_TYPE &to,

LAMBDA_T const & lambda = [&] (dco::index_t, DCO_DERIVATIVE_TYPE){}
)3

— Set and unset sparse interetation.

bool& DCO_TAPE_TYPE: :sparse_interpret();

— Resets current tape position to 'to’.

Remark: Make sure you are not using any active variables from the reset tape section
afterwards.
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void DCO_TAPE_TYPE: :reset_to (
const DCO_TAPE_POSITION_TYPE &to
);

— Sets all adjoints in tape to zero.

void DCO_TAPE_TYPE: :zero_adjoints ();

— Sets all adjoints in tape to zero from tape position ’from’ to first tape entry.

void DCO_TAPE_TYPE: :zero_adjoints_from (
const DCO_TAPE_POSITION_TYPE &from
)

— Sets adjoints in tape to zero from current tape position to tape position to’.

void DCO_TAPE_TYPE: :zero_adjoints_to (
const DCO_TAPE_POSITION_TYPE &to
)3

— Sets adjoints in tape to zero from tape position ’from’ to tape position 'to’.

void DCO_TAPE_TYPE: :zero_adjoints_from_to (
const DCO_TAPE_POSITION_TYPE &from,
const DCO_TAPE_POSITION_TYPE &to

)

— Switches scalar callback mode on or off.

bool& DCO_TAPE_TYPE: :scalar_callback_mode ();

— External adjoint object base class to be derived from for non-standard handling of gaps. Not
recommended anymore: Use automatic capture functionality of lambdas. See DCO_TAPE_TYPE
::insert_callback.

typedef DCO_MODE::external_adjoint_object_t DCO_EAO_TYPE;

— Creates external adjoint object and returns pointer to it.

DCO_EAO_TYPE* DCO_TAPE_TYPE: :create_callback_object<DCO_EAO_TYPE> () ;

— There are to variants for inserting a callback. The previously recommended and the currently
recommended one using lambdas.

— Currently recommended: Inserts callback into tape. The user has to ensure that the
captured state is still alive / valid during tape interpretation. Easiest way of achieving
that is by using capture by copy of the lambda [=].

template <typename LAMBDA_T>

void DCO_TAPE_TYPE: :insert_callback (
LAMBDA_T && lambda

)5

— Not recommended anymore: Inserts external adjoint object eao into tape alongside
pointer to function £ill_gap.
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void DCO_TAPE_TYPE: :insert_callback (
void (*fill_gap) (DCO_EAO_TYPE*),
DCO_EAO_TYPE *eao

);

— Synchronizes the tape state (internal counters) with the passed tape. This is required to
be able to continue recording on this tape with variables previously registered in the other
tape.

void DCO_TAPE_TYPE: :synchronize_with(DCO_TAPE_TYPE const * const)

— Returns a reference to the internal vector of adjoints. DCO_ADJOINT_VECTOR is an internal
data structure which holds the adjoint values. For accessing individual elements operator []
can be used.

DCO_ADJOINT_VECTOR& DCO_TAPE_TYPE: :adjoints()

— Returns a reference to the corresponding adjoint variable from the internal vector of adjoints.

DCO_DERIVATIVE_TYPE& DCO_TAPE_TYPE::adjoint (DCO_TYPE const&)

— Returns active variable with value v after registration with tape t. Not recommended any-

more: Use automatic capture functionality of lambdas. See DCO_TAPE_TYPE: : insert_callback

DCO_TYPE DCO_EAO_TYPE: :register_output (
const DCO_BASE_TYPE &v,

DCO_TAPE_TYPE *t=NULL

)

— 4th call returns adjoint of variable registered as output of gap by ith call of register_output.

Not recommended anymore: Use automatic capture functionality of lambdas. See DCO_TAPE_TYPE

::insert_callback.

DCO_BASE_TYPE DCO_EAQ_TYPE: :get_output_adjoint Q) ;

— Registers x as an input to the gap and returns its value. Not recommended anymore: Use
automatic capture functionality of lambdas. See DCO_TAPE_TYPE: : insert_callback.

DCO_BASE_TYPE DCO_EAO_TYPE: :register_input ( const DCO_TYPE &x );

— 4th call adds v to adjoint of variable registered as input of gap by ith call of register_input.

Not recommended anymore: Use automatic capture functionality of lambdas. See DCO_TAPE_TYPE

::insert_callback.

void DCO_EAO_TYPE: :increment_input_adjoint ( const DCO_BASE_TYPE &v );

— Stores generic data required to fill the gap;
important: a copy is stored internally: copy constructor required. Not recommended any-

more: Use automatic capture functionality of lambdas. See DCO_TAPE_TYPE: : insert_callback

template<typename TYPE>
void DCO_EAO_TYPE: :write_data ( const TYPE &v );
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— 4th call returns read-only reference to internal data stored by ith call of write_data. Not rec-
ommended anymore: Use automatic capture functionality of lambdas. See DCO_TAPE_TYPE
::insert_callback.

template<typename TYPE>
const TYPE& DCO_EAO_TYPE::read_data ();

— Preaccumulation of local Jacobian.

DCO_MODE: : jacobian_preaccumulator_t jp(dco::tape(x));
jp-startQ;
y=£(x); // to be preaccumulated
jp.register_output(y);
jp.finish();

— Multiple adjoint vectors for single tape.

dco::adjoint_vector<DCO_TAPE_TYPE,DCO_ADJOINT_TYPE> av(dco::tape(x));
dco::derivative(y,av)=1;

av.interpret_adjoint();

dydx=dco: :derivative(x,av);

A.3 Bronze

— DCO_MODE for the given DCO_TYPE.
typedef mode<DCO_TYPE> DCO_MODE;

— Proxy types to access passive value, value and derivative component of one entry in the
passed vector.

typedef vector_reference <PASSIVE_VALUE, DCO_TYPE,CONTAINER_T> VEC_REF_PVAL;
typedef vector_reference <VALUE , DCO_TYPE,CONTAINER_T> VEC_REF_VAL;
typedef vector_reference <DERIVATIVE , DCO_TYPE,CONTAINER_T> VEC_REF_DER;

Individual elements can be accessed through member operators

double& VEC_REF_PVAL: :operator[] (int);
DCO_BASE_TYPE& VEC_REF_VAL: :operator[] (int) ;
DCO_DERIVATIVE_TYPE& VEC_REF_DER::operator[] (int);

— Returns proxy object for passive value components of x.

VEC_REF_PVAL passive_value ( std::vector< DCO_TYPE > &x );

— Returns proxy object for value components of x.

VEC_REF_VAL value ( std::vector< DCO_TYPE > &x );

— Returns proxy object for derivative (tangent or adjoint) components of x.

VEC_REF_DER derivative ( std::vector<DCO_TYPE> &x );

The following description is only valid for adjoint modes.
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Local gradient for direct insertion into tape.

typedef DCO_TAPE_TYPE::local_gradient_t DCO_LOCAL_GRADIENT_TYPE;

Creates local gradient of y for direct insertion into tape; gradient contains n elements.

DCO_LOCAL_GRADIENT_TYPE

DCO_MODE: : create_local_gradient_object<DCO_LOCAL_GRADIENT_TYPE> (
DCO_TYPE &y, size_t n

)3

Inserts value p of local partial derivative of y with respect to x into local gradient of y.

void DCO_LOCAL_GRADIENT_TYPE: :put(
const DCO_TYPE &x,

const DCO_BASE_TYPE &p

);

Marks elements of standard vector x as dependent.

void DCO_TAPE_TYPE: :register_output_variable( std::vector<DCO_TYPE> &x );

Marks elements of vector x of size n as dependent.

void DCO_TAPE_TYPE: :register_output_variable( DCO_TYPE #*x, size_t n );

Marks elements of vector x of size n as independent.

void DCO_TAPE_TYPE::register_variable( DCO_TYPE *x, size_t n );

Marks elements of standard vector x as dependent.

void DCO_TAPE_TYPE: :register_variable( std::vector<DCO_TYPE> &x );

Enables recording to tape.

void DCO_TAPE_TYPE::switch_to_active ();

Disables recording to tape.

DCO_TAPE_TYPE: :switch_to_passive ();

Returns true if recording to tape is enabled, false otherwise.

bool DCO_TAPE_TYPE::is_active ();

A.4 Undefined

See description of DCO_EAO_TYPE above.

— Writes adjoints of previously registered outputs of external adjoint object into standard

nag

vector v.

void DCO_EAO_TYPE::get_output_adjoint( std::vector<DCO_BASE_TYPE> &v );
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— Writes adjoints of previously registered outputs of external adjoint object into vector v of

nag

size s.

void DCO_EAO_TYPE::get_output_adjoint( DCO_BASE_TYPE *v, size_t s );

Increments adjoints of previously registered inputs to external adjoint object with values in

vector v of size s.

void DCO_EAO_TYPE: :increment_input_adjoint( const DCO_BASE_TYPE* const v,
s )

size_t

Increments adjoints of previously registered inputs to external adjoint object with values in

standard vector v.

void DCO_EAO_TYPE::increment_input_adjoint(
const std::vector<DCO_BASE_TYPE> &v
)3

Registers inputs x to external adjoint object and returns their values as standard vector v.

void DCO_EAO_TYPE: :register_input(
const std::vector<DCO_TYPE> &x,
std: :vector<DCO_BASE_TYPE> &v

)

Registers inputs x to external adjoint object .

void DCO_EAO_TYPE: :register_input( const std::vector<DCO_TYPE> &x );

Registers s inputs x to external adjoint object and returns their values as vector v.

void DCO_EAO_TYPE: :register_input( const DCO_TYPE *const x,
DCO_BASE_TYPE =* v,
size_t s );

Registers s outputs x of external adjoint object.

void DCO_EAO_TYPE: :register_output( DCO_TYPE *x, size_t s );

Registers s outputs x of external adjoint object with values v.

void DCO_EAO_TYPE: :register_output( const DCO_BASE_TYPE *const v,
DCO_TYPE * X,
size_t s );

Registers values in v as outputs of external adjoint object.

void DCO_EAQO_TYPE: :register_output( const std::vector<DCO_BASE_TYPE> &v );

Registers values in v as outputs of external adjoint object and returns them as vector x .

void DCO_EAO_TYPE: :register_output( const std::vector<DCO_BASE_TYPE> &v,

std: :vector<DCO_TYPE> &x );

Registers elements of x as outputs of external adjoint object.

void DCO_EAQ_TYPE: :register_output( std::vector<DCO_TYPE> &x );
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Stores s items of type T in callback object

void DCO_EAO_TYPE: :write_data( const T *const d, size_t s );

Stores every ith out of s items of type T in callback object.

void DCO_EAO_TYPE: :write_data( const T *const &d, size_t i, size_t s );
Creates external adjoint object via constructor DCO_CBO_TYPE (const PARS &p) and returns
pointer to it.

template <typename DCO_CBO_TYPE, typename PARS>
DCO_CBO_TYPE* DCO_TAPE_TYPE: :create_callback_object( const PARS &p );

Object carrying options for tape creation; is void for tangent modes.

typedef DCO_MODE: :tape_options_t DCO_TAPE_OPTIONS_TYPE;

Returns chunk size in byte (for adjoint modes only).

size_t DCO_TAPE_OPTIONS_TYPE: :chunk_size_in_byte() const;

Returns blob size in byte (for adjoint modes only).

size_t DCO_TAPE_OPTIONS_TYPE: :blob_size_in_byte() const;

Returns the pointer to the tape x has been registered in.

DCO_TAPE_TYPE* tape(const DCO_TYPE &x);

Returns tape index of x

size_t tape_index(const DCO_TYPE &x);

Returns the logging level.
dco::log_level_enum& dco::logger::level();

Returns the stream the logger writes to.

std::ostringstream& dco::logger::stream();

saansroos | IRANTH

'12 Engineering



Appendix B

Case Study: Diffusion

Figure B.1: Illustration of the Real-World Problem

B.1 Purpose

We consider the estimation of the thermal diffusivity ¢ € R of a given very thin stick. Thermal
diffusivity describes the speed at which heat “spreads” within the material. High thermal diffusiv-
ity implies quick heat conduction. Our mathematical model depends on the unknown/uncertain
parameter ¢, which is to be calibrated using experimentally obtained real-world measurements.
The results of a numerical simulation of the temperature distribution within the stick after heating
one of its two ends for some time are compared with given measurements. Refer to Figure B.1 for
a graphical illustration of the problem. The pictures in the upper row show the measuring of the
initial temperature distribution in the stick. This process is continued while heating one end of
the stick as shown in the pictures in the lower row and where the temperature at the other end is
kept constant.
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B.1.1 Problem Description

The distribution of heat within the stick over time is modelled by a parabolic partial differential

equation (PDE). We look for T' = T'(t,z,c¢) : R x R x R — R as the solution of an initial and

boundary value problem for the one-dimensional heat equation
oT o*r

a =cC axz (Bl)

over the bounded domain (interval) Q = (0,1) with initial values T'(t = 0) = i(z) for z € Q and
boundary values T'(x = 0) = by and T(x = 1) = b;. Time is denoted by ¢ € R. The position
with the stick is represented by x € R. Figure B.9 shows the development of the temperature
distribution within the stick for 7'(t = 0) = T'(z = 0) = 300K, T(z = 1) = 1700K,! and ¢ = 0.01.
While the effect of the flame on the temperature of various sections of the stick is not dramatic at
the final time ¢ = 1 a longer lasting exposure will eventually yield an increase of the temperature in
the neighbourhood of the left end of the stick beyond the comfort level. Linearity of temperature
T as a function of the position x within the stick lets the plot of the temperature distribution
converge for ¢ — oo to a straight line that connects the two points (0,300) and (1,1700). The
dependence on ¢ vanishes asymptotically. Hence, we consider the calibration of the parameter ¢
at time ¢ = 1.

For the given value of ¢ and given observations O(x) at time ¢ = 1 we aim to solve the unconstrained
least squares problem

ceR

min/Q(T(l,x,c) — O(z))* da. (B.2)

The observations are obtained through the measurement procedure illustrated in the lower row
of pictures in Figure B.1. We aim to estimate the unknown/uncertain material property, ¢, of
the stick such that the real-world measurements are reproduced as closely as possible by the
implementation of the mathematical model.

B.1.2 Numerical Method

The continuous mathematical model needs to be translated into a discrete formulation in order
to be able to solve it on today’s computers. We use finite difference quotients to replace both the
spatial (see Sec. B.1.2) and the temporal (see Sec. B.1.2) differential terms in Equation (B.1). The
integral in Equation (B.2) is discretized using a simple quadrature rule (see Sec. B.1.2). See, for
example, [5] for a gentle introduction to finite difference discretization methods.

Spatial Discretization

The given stick of unit length [0, 1] is divided into n — 1 sub-intervals of equal length

1
n—1

Ax =

(B.3)

yielding a spatial discretization with n — 2 inner points z1,...,z,_s in addition to the two end
(boundary) points zo = 0 and x,—1 = 0. See Figure B.2 for illustration.

Second spatial derivatives are approximated by second-order finite differences based on central
finite difference approximation of the first derivatives at the centre points

Tj—1+ 5
2

CLjE

Lapproximate temperature of a candle flame
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Figure B.2: Spatial Discretization: Central Finite Differences

and
$j + iCj+1

2
of the corresponding intervals. Figure B.2 illustrates the approximation of aasz; at grid point x3

for n = 6 and, hence, Az = 0.2. The first derivatives of T% at az and bs are approximated by
backward finite differences. From

orT T(t,x;,¢) —T(t,xj_1,¢) T, =T
O 0 o~ LB 25 2j-1,¢) LTy B.6
633( 145,€) Ax Ax (B.6)
forj=1,...,n—2and
or T(t,xjr1,¢) —T(t,xj,¢) T —1T;
—(t,bj,c) = P U RIS | J B.
837(’]76) Az Az (B.7)
for j=1,...,n— 2 follows
82T(t T C) - g%ac(mb]) - %(t7a’j70) o Tj+1 -2 er "f‘ijl (B 8)
oz T Az B (Ar)? '
for j =1,...,n— 2 and hence the system of ordinary differential equations (ODE)
T.
%:Tj(c,Ax,T), j=0,...,n—1, (B.9)
where
r; =0 je{0,n—1} (B.10)
c .
Tj:@T)Q'(Tj+172',‘Tj+Tj—1) ]6{1,...,7172}, (Bll)

and where r denotes the right-hand side (also: residual) of the ODE resulting from the discretiza-
tion of the second spatial derivative in Equation (B.1). The residual vanishes at both end points
due to constant Dirichlet-type boundary conditions.

The ODE in Equation (B.9) is linear in T. Hence, it can be expanded into a first-order Taylor
series at point T'=0 (T; =0 for j =1,...,n — 2) as follows:

oT or

B _— . — . 1

5 T(C,Ax,O)—i—aT(c,Ax) (T —0) (B.12)
=0

The residual at 7' = 0 vanishes identically as a result of Equations (B.10) and (B.11). Linearity
of the residual in T" implies the independence of its first derivative from 7', that is, the Jacobian
g—; = g—;(c, Az) is constant with respect to temperature (and time). For given ¢ and Az a
directional derivative in direction 1" = (Tj)jzow,n,l is computed by the second term.
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] i ta iy iy 1

Figure B.3: Temporal Discretization: Backward Finite Difference

Example For n =6 the Jacobian of the residual becomes

00 0 0 0 0
1 2 1 0 0 0

or c o1 21 0 o

A =@ o 0 1 2 1 o0 (B.13)
000 0 1 -2 1
00 0 0 0 0

The first and the last rows are identically equal to zero due to the constant Dirichlet boundary
conditions (see Equation (B.10)).

The residual r(¢, Az, T) is evaluated by the function

template <typename TYPE>
inline void residual(const vector<TYPE>& c, vector<TYPE>& T) {
size_t n=T.size();
vector<TYPE> T_new(n);
for (size_t i=1;i<n-1;++i)
T_newl[il=c[il*(n-1)*(n-1)*(T[i-1]-2+T[i]+T[i+1]1);
T[0]=0;
for (size_t i=0;i<n;++i) T[i]=T_newl[i];
T[n-1]=0;
}

and using Equation (B.3).

Temporal Discretization

The differential left-hand side of the ODE in Equation (B.9) is approximated by a backward finite
difference approximation yielding the backward FEuler method (see, for example, [5]). Similar to
Sec. B.1.2, the unit time interval [0, 1] is decomposed into m sub-intervals of equal length

1
At = — (B.14)
m
yielding a temporal discretization with m states le,...J“Jm? and a given initial state TJQ for
7=0,...,n—1. Figure B.3 illustrates the approximation of % at time t3 for m = 5 and, hence,
At = 0.2. From . i
BT]- T - T
—(t o)~ L — 1 B.15
Lm0~ (B.15)
: B coemrn: | RNANTH
nag W 0 e ‘



dco/c++ User Guide 133

Figure B.4: Discrete Simulation of Temperature T' as a Function of Time ¢ and Position z.

follows S o
— = r(c, Az, TF1) = a—T(c, Azx) - TFH (B.16)
yielding the recurrence
(At~ g—;(c, Azx) — I) TR = Tk (B.17)

with a constant system matrix on the left-hand side for given ¢, Az, and At and where I denotes
the identity in R"™.
Methods for computing the Jacobian g—;(c, Az) of the residual by the function

template <typename TYPE>
inline void residual_jacobian(const vector<TYPE>& c, vector<TYPE>& J);

are discussed in Sec. B.1.3. Moreover, we require an LU decomposition

template <class TYPE>
inline void LUDecomp(vector<TYPE>& A);

and a linear solver for a given LU decomposition of A

template <class TYPE>
inline void Solve(const vector<TYPE>& LU, vector<TYPE>& b);

for the solution of the system of linear equations

(At - g—;(c, Azx) —I)-TF = 1% (B.18)
—.A i=b

to be called during the simulation of the heat distribution by the following function:

template <typename TYPE>
inline void sim(const vector<TYPE>& c, const size_t m, vector<TYPE>& T) {
size_t n=T.size();
vector<TYPE> A(n*n,0);
residual_jacobian(c,T,A);
for (size_t i=0;i<n;++i) {
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n=
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o

Figure B.5: Discretization of Objective: Quadrature

for (size_t j=0;j<n;++j)
Ali*n+jl=A[i*n+j]/m;
Ali+i*n]=A[i+i*n]-1;
}
LUDecomp (4) ;
for (size_t j=0;j<m;++j) {
for (size_t i=0;i<n;++i)
T[i]=-T[i];
Solve(A,T);
}
}

See Figure B.4 for a spherical plot of the simulated function 7' = T'(x, t).

Discretization of the Objective and Optimization

Discretization of the least squares objective in Equation (B.2) using a simple quadrature rule over
the given spatial discretization yields the objective function

n—2
<) (T (e) = 0,)?. (B.19)

1
n—1

y:f(can7mvT7O) =

<.
Il
=)

Figure B.5 illustrates the quadrature formula. For example, the contribution due to the space
interval [zq, 23] is equal to

D3
n—1

Ax-D%:

where D; =T]"(c) — O;.

The evaluation of the objective as a function of the initial temperature distribution includes the
simulation of the temperature distribution at the target time. It can be implemented as follows:

template <typename TYPE, typename OTYPE>
inline void f(const vector<TYPE>& c, const size_t m, vector<TYPE>& T, const
vector<OTYPE>& 0, TYPE& v) {
size_t n=T.size();
sim(c,m,T);
v=0;
for (size_t i=0;i<n-1;++i)
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v=v+(T[1]1-0[i]1)*(T[i]1-0[i]);
v=v/(n-1);
}

The objective function f is optimized by a simple steepest gradient descent method with embedded
local line search. Termination is defined by ||V f|| < € for € < 1 and it is based on the necessary
first-order optimality condition V f = 0. At each iteration i we take a step into negative gradient
direction the size («) of which is defined by recursive bisection such that a decrease in the value of
the objective is ensured. This very basic approach turns out to be sufficient for the given simple
problem. Formally, the steepest gradient descent method is described by the iteration

Civ1 =¢ —a-Vf(e) while|Vf]>e

B.1.3 Algorithmic Differentiation

Figure B.6 visualizes the structure of the given simulation. Local partial derivatives to be combined
in forward or reverse order in tangent or adjoint mode AD, respectively, are given in square brackets
as edge labels. Linearity of the residual in T yields the independence of its Jacobian of T' (node
6). The corresponding matrix A = At - g—}(c, Ax) — I (nodes 6,7,8) is decomposed into lower and
upper triangular factors L and U (node 9) that enter the subsequent backward Euler steps (nodes
10,11 and 12,13). The first two are shown in Figure B.6. For given right-hand sides (—Tp and
—T1) the next step is computed by simple forward and backward substitution based on the given

LU decomposition of A.

Tangent Residual

The tangent residual returns the product of the Jacobian of the residual with a given vector T} =
t1_Te R™ without prior accumulation of the Jacobian itself. It computes a matriz-free directional
derivative.

Jacobian of the Residual

The Jacobian g—} = J=J[:]1[:] € R™*™ of the residual is computed column-wise by letting the

input vector T(?) = t1_T € R” range over the Cartesian basis vectors in R".

template <typename TYPE>
inline void residual_jacobian(const vector<TYPE>& c, vector<TYPE>& J) {
size_t n=c.size();
vector<TYPE> t1_T(n);
for (size_t i=0;i<n;++i) t1_T[i]=0;
for (size_t i=0;i<n;++i) {
t1_T[i]=1;
residual(c,t1_T);
for (size_t j=0;j<n;++j) {
J[j*n+il=t1_T[j1;
t1_T[j1=0;
¥
}
}

Linearity of the residual enables the use of the primal function residual(...) for the computation
of the directional derivative. Sparsity of the (in this case tridiagonal) Jacobian can and should
be exploited. Refer to [4] or [9] for details on corresponding compression techniques. Associated
graph colouring problems are discussed in [2].
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Figure B.6: Linearized DAG of Simulation Method
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Gradient of the Objective

The gradient of the objective with respect to the free parameters that enter the simulation (¢ € R in
our case; see Sec. B.1.4 for comments on the non-scalar case ¢ = ¢(z)) is required by the steepest
descent algorithm. It can be obtained by overloading the entire simulation and the following
evaluation of the objective for either a tangent or an adjoint AD type. Adjoint mode should be
preferred for large numbers of parameters where the actual number depends on the performance
of the AD implementation provided by the given AD tool.

AD of £ implies AD of the function sim and thus the differentiation of the direct linear solver
called during the simulation. While naive application of AD to the direct linear solvers produces
correct results, its computational cost, which is of order O(n?), can be reduced to O(n?) through
the exploitation of further mathematical insight as shown in [3].

AD by overloading of £ in tangent mode implies the evaluation of a tangent model of the Jacobian
computation (see Sec. B.1.3). Implicitly, second-order derivatives are computed. The computation

of
or

A=At —(c,Azx) -1
t aT(C’ x)
yields the tangent projection
0A 0A 0?r
(2 — (22 (2 72 2y — At &)
A (60,0 >+<5‘T’T ) = At (aTaC(c,Ax),c )
where g;g = 0 due to the linearity of r in 7.
Similarly, overloading in adjoint mode yields a second-order adjoint projection of the Hessian of
the residual as
= (A, B.20
( cw )= A oy (5:20)
=At-(A 872”( Az)) (B.21)
- @ 91T, c) " =" '
0
= 2, : (B.22)
( <A(2)7 %(C, A.%‘» )

Linearity of r in T yields T(5) = 0 € R".

B.1.4 Optimization

Figure B.7 illustrates the convergence behaviour of the steepest descent algorithm. Both the value
of the objective and the norm of the gradient (first-order local optimality condition) decrease
monotonously with the growing number of steepest descent steps.

For further motivation consider Equation (B.1) with spatially varying thermal diffusivity c(x)
(after discretization ¢;). The gradient of the objective with respect to the discrete ¢ = (¢;)i=0,... n—1
becomes a vector of size n. In tangent mode it is computed as n inner products with the Cartesian
basis vectors in R™. A single run of the adjoint code performs the same task at considerably lower
computational cost for n > 1. Figure B.8 shows the relative computational cost

runtime for gradient computation

run time for function evaluation

of the gradient computation in tangent versus adjoint mode. The relative cost of gradient computa-
tion in tangent mode grows linearly with n while in adjoint mode it remains constant. Availability
of an adjoint simulation may turn out to be crucial for the applicability of gradient-based methods
to large-scale problems in Computational Science, Engineering, and Finance.
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Figure B.7: Convergence Behaviour for n = 160.
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Figure B.9: Simulated Temperature Distribution for t = 0, 0.2, 0.4 (Left Column)

T

1800 T

1600

1400

1200

1000

400 4

R R R R S PPy

200 L L L

0 0.2 0.4 06 08

1800 T T T

1600 4

1400 4

1200 * 4

1000 - 4

400 - + 1

200 L L L

0 0.2 0.4 06 08

1800 T T T

1600 4

1400 4

1200 + A

1000 4

400

200 L L L

0 02 0.4 06 08 1

(Right Column)

nag

1800

1600

1400

1200

1000

800

600

400

200

1800

1600

1400

1200

1000

800

600

400

DR R S

.
et

0 02 0.4 06

L .
+
ot
N e

200

0 02 0.4 06

1800

1600

1400

1200

1000

800

600

400

200

.
.
.
.t
B e

0 02 0.4 06

. Software and Tools
ot st o
i

Engineering

and t = 0.6,0.8, 1



10

11

12

13

14

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

dco/c++ User Guide 140

B.1.5 Code

This section shows the source code for the given implementation of the diffusion problem.

#include "dco.hpp"
using namespace std;
using namespace dco;

//*% required to be compatible with C -- only use two-digit exponent
//*%% in output of scientific numbers.
#if defined(WIN32) && _MSC_VER < 1900
struct outputformatter {

outputformatter() {

_set_output_format (_TWO_DIGIT_EXPONENT) ;

}
+;
static outputformatter of;
#endif

template <typename cTYPE, typename TTYPE>
inline void residual(const vector<cTYPE>& c, vector<TTYPE>& T) {
size_t n=T.size();
vector<TTYPE> T_new(n);
for (size_t i=1;i<n-1;++i)
T_new[i]=c[i]*static_cast<double>(n-1)*static_cast<double>(n-1)*(T[i-1]-2*T[
i]+T[i+1]1);
T[0]=0;
for (size_t i=0;i<n;++i) T[i]=T_newl[il;
T[n-11=0;
}

/%
template <typename TYPE>
inline void restdual_jacobian(const vector<TYPE>E c, vector<TYPE>E J) {
size_t n=c.size();
vector<TYPE> t1_T(n);
for (size_t ©=0;i<n;++i) t1_T[<1]=0;
for (size_t t=0;i<n;++i) {
ti_T[<]=1;
residual (c,t1_T);
for (stize_t 7=0;j<n;++5) {
J[g*n+i]=t1_T[5];
t1_T[7]=0;
}
}
}

template <typename TYPE>
inline void residual_jacobian(const vector<TYPE>f c, const wector<TYPE>E T,
vector<TYPE>E J) {
typedef typename dco::gt1s<TYPE>::type DCO_T1S_TYPE;
size_t n=T.size();
vector<DCO_T1S_TYPE> t1_T(n);
for (size_t ©1=0;i<n;i++) t1_T[i]=T[%];
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for (size_t t=0;i<n;i++) {
derivative(t1_T[i])=1;
residual (c,t1_T);
for (stze_t 7=0;j<n;++5) {
J[j*n+i]=derivative(ti_T[5]);
derivative(t1_T[5])=0;
F
}
}
*/

template <typename TYPE>
inline void residual_jacobian(const vector<TYPE>& c, const vector<TYPE>& T,
vector<TYPE>% J) {
typedef typename dco::gtls<TYPE>::type DCO_T1S_TYPE;
size_t n=T.size();
vector<DCO_T1S_TYPE> t1T(n);
const size_t bw=3;
for (size_t i=0;i<m;i++) t1T[i]=TI[i];
for (size_t i=0;i<bw;i++) {
for (size_t j=i;j<n;j+=bw) derivative(t1T[jl)=1;
residual(c,tl1T);
for (size_t j=i;j<m;j+=bw) {
for (size_t k=(j<(bw-1)/2)7 0 : j-(bw-1)/2;k<= min(n-1,j+(bw-1)/2) ;k++)
J[k*n+jl=derivative (t1T[k]);
derivative(t1T[j])=0;
}
for (size_t j=0;j<n;j++) derivative(t1T[j])=0;
}
}

template <class TYPE>
inline void LUDecomp(vector<TYPE>& A) {
size_t n = static_cast<size_t>(sqrt(double(A.size())));
for (size_t k=0;k<n;k++) {
for (size_t i=k+1;i<n;i++)
A[i*n+k]=A[i*n+k]/A[k*n+k] ;
for (size_t j=k+1;j<n;j++)
for (size_t i=k+1;i<n;i++)
Ali*n+j]=A[i*n+j]-A[i*n+k]*A[k*n+j];
}
}

// L*y=b
template <class TYPE>
inline void FSubst(const vector<TYPE>& LU, vector<TYPE>& b) {

size_t n=b.size();

for (size_t i=0;i<n;i++)

for (size_t j=0;j<i;j++)
bli]l=b[i]-LU[i*n+jl*b[j];

}

// Ukz=y
template <class TYPE>
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inline void BSubst(const vector<TYPE>& LU, vector<TYPE>& y) {
size_t n=y.size();
for (size_t k=n,i=n-1;k>0;k--,i--) {
for (size_t j=n-1;j>i;j--)
y[il=y [1]-LU[i*n+jl*y[j];
y[il=y[i]/LU[i*n+i];
}
}

template <class TYPE>

inline void Solve(const vector<TYPE>& LU, vector<TYPE>& b) {
FSubst (LU,b);
BSubst (LU,b) ;

}

template <typename TYPE>

inline void sim(const vector<TYPE>& c, const size_t m, vector<TYPE>& T) {
size_t n=T.size();
vector<TYPE> A(n*n,0);

residual_jacobian(c,T,A);

for (size_t i=0;i<n;++i) {
for (size_t j=0;j<n;++j)
Ali*n+jl=A[i*n+j]/static_cast<double>(m) ;
Ali+i*n]=A[i+i*n]-1;

}
LUDecomp(A) ;

for (size_t j=0;j<m;++j) {
for (size_t i=0;i<n;++i)
T[i]=-T[i];
Solve(A,T);
}
}

template <typename TYPE, typename OTYPE>
inline void f(const vector<TYPE>& c, const size_t m, vector<TYPE>& T, const
vector<OTYPE>& 0, TYPE& v) {
size_t n=T.size();
sim(c,m,T);

v=0;
for (size_t i=0;i<n-1;++i)

v=v+(T[1]1-0[i])*(T[i]-0[i1);
v=v/(static_cast<double>(n)-1);

B.2 Function

This section shows the evaluation of the objective.
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#include
#include
#include
#include

//#include "../include/f_restidual_Jacobian_by_hand.hpp"
//#include "../include/f_residual_Jacobian_by_dco_dense.hpp"

#include

<cstdlib>
<iostream>
<fstream>
<vector>

"../include/f .hpp"

using namespace std;

int main(int argc, char* argv[]){

cout.precision(5);
if (argc!=3) {

cerr << "2 parameters expected:" << endl
1. number of spatial finite difference grid points" << endl
2. number of implicit Euler steps" << endl;

<&
<&

return -1;

}

size_t n=atoi(argv[1]), m=atoi(argv([2]);

vector<double> c(n);

for (size_t i=0;i<n;i++) c[i]=0.01;

vector<double> T(n);

for (size_t i=0;i<n-1;i++) T[i]=300.;
T[n-1]=

1700.;

ifstream ifs("0.txt");
vector<double> 0(n);

for (size_t i=0;i<n;i++) ifs >> 0[i]

double

v

f(c, m, T, 0, v);

cout << "vy=" << v << endl;

return O;

B.3 Observations

This section shows the generation of the “observations.”

#include
#include
#include
#include
#include

<cstdlib>
<iostream>
<fstream>

<vector>
"../include/f .hpp"

using namespace std;

#include "../include/mrg32k3a.h"

int main(int argc, char* argv[]){

cout.precision(5);
if (argc!=3) {

cerr << "2 parameters expected:" << endl
1. number of spatial finite difference grid points" << endl
2. number of implicit Euler steps" << endl;

< "
<< n

return -1;
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}

size_t n=atoi(argv[1]), m=atoi(argv([2]);
vector<double> c(n);

for (size_t i=0;i<mn;i++) c[i]=0.01;
vector<double> T(n);

for (size_t i=0;i<n-1;i++) T[i]=300.;
T[n-1]1=1700.;

vector<double> 0(n,0);

double v;

ofstream ofs("O_generated.txt");
f(c,m,T,0,v);

static std::vector<double> Z(n), rngseed(6);
for(int i=0; i<6; i++) rngseed[i] = i+1;

randNormal (n, rngseed.data(), Z);

for (size_t i=0;i<n;i++) ofs << T[i] + Z[i] << endl;
return O;

B.4 Gradient

B.4.1 Finite Differences

This section shows the approximation of the gradient by finite differences.

#include <cstdlib>
#include <iostream>
#include <fstream>
#include <vector>
#include <cfloat>

#include "../include/f.hpp"
using namespace std;

int main(int argc, char* argv[]){
cout.precision(5);
if (arge<3) {
cerr << "2 parameters expected:" << endl

<< " 1. number of spatial finite difference grid points" << endl
<< " 2. number of implicit Euler steps" << endl
<< " 3. if third parameter given, print output" << endl;

return -1;
}
size_t n=atoi(argv[1]), m=atoi(argv[2]);
vector<double> c(n);
for (size_t i=0;i<n;i++) c[i]=0.01;
vector<double> T(n);
for (size_t i=0;i<n-1;i++) T[i]=300.;
T[n-1]1=1700.;
ifstream ifs("0.txt");
vector<double> 0(n);
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for (size_t i=0;i<n;i++) ifs >> 0[i] ;
vector<double> dvdc(n,0),cph(n,0),cmh(n,0);

double
double

vmh ;
vph;

for(size_t j=0;j<n;j++) {
double h=(c[j]==0) ? sqrt(DBL_EPSILON) : sqrt(DBL_EPSILON)*abs(c[j]);
for (size_t i=0;i<n;i++) cmh[i]=c[i];
for (size_t i=0;i<n-1;i++) T[i]=300.;
T[n-1]1=1700.;
cmh[j]-=h;
f(cmh,m,T,0,vmh) ;
for (size_t i=0;i<n;i++) cphli]l=c[i];
for (size_t i=0;i<n-1;i++) T[i]=300.;
T[n-1]1=1700.;
cph[jl+=h;
f(cph,m,T,0,vph);
dvdc [j]=(vph-vmh) / (2*h) ;

3

cout.precision(5);
if (argc == 4) {
for(size_t i=0;i<n;i++)
cout << "dvdc[" << i << "]=" << dvdc[i] << endl;

} else
cout

{

<< "Finite differences too unstable to give reproducible numbers on

various platforms." << endl

}

<< "Run with third parameter to print derivative results." << endl;

return O;

B.4.2 gtls< double >

This section shows the computation of the gradient in tangent mode.

#include
#include
#include
#include

<cstdlib>
<iostream>
<fstream>
"dco.hpp"

using namespace std;
using namespace dco;

typedef gtls<double>::type DCO_TYPE;

#include

"../include/f .hpp"

int main(int argc, char* argv[]){
if (argc!'=3) {

cerr
<< "
<< n

<< "2 parameters expected:" << endl
1. number of spatial finite difference grid points" << endl
2. number of implicit Euler steps" << endl;

return -1;

3

size_t

nag

n=atoi(argv[1]), m=atoi(argv[2]);
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vector<double> c(n);
for (size_t i=0;i<n;i++) c[i]=0.01;
vector<double> T(n);
for (size_t i=0;i<mn-1;i++) T[i]=300.;
T[n-1]1=1700.;
ifstream ifs("0.txt");
vector<double> 0(n);
for (size_t i=0;i<n;i++) ifs >> 0[i] ;
vector<double> dvdc(n);
vector<DCO_TYPE> ca(n);
vector<DCO_TYPE> Ta(n);
DCO_TYPE va;
for(size_t i=0;i<n;i++) {
for(size_t j=0;j<n;j++) { caljl=c[jl; Taljl=T[jl; }
derivative(cali]l)=1.0;
f(ca,m,Ta,0,va);
dvdc[il=derivative(va);
}
cout.precision(5);
for(size_t i=0;i<n;i++)
cout << "dvdc[" << i << "]=" << dvdc[i] << endl;
return 0;

B.4.3 gals< double >

This section shows the computation of the gradient in adjoint mode.

#include <cstdlib>

#include <iostream>

#include "dco.hpp"

using namespace std;

using namespace dco;

typedef gals<double> DCO_MODE;

typedef DCO_MODE: :type DCO_TYPE;
typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

#include "../include/f.hpp"
int main(int argc, charx argv([]){

if (argc!=3) {
cerr << "2 parameters expected:" << endl

<< " 1. number of spatial finite difference grid points" << endl
<< " 2. number of implicit Euler steps" << endl;

return -1;
X

size_t n=atoi(argv[1]), m=atoi(argv[2]);
vector<double> c(n);

for (size_t i=0;i<n;i++) c[i]=0.01;
vector<double> T(n);

for (size_t i=0;i<n-1;i++) T[i]=300.;
T[n-11=1700. ;

ifstream ifs("0.txt");
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vector<double> 0(n);
for (size_t i=0;i<n;i++) ifs >> 0[i] ;
vector<double> dvdc(n);

vector<DCO_TYPE> ca(n);
vector<DCO_TYPE> Ta(n);
DCO_TYPE va;
DCO_MODE: : global_tape=DCO_TAPE_TYPE: :create() ;
for(size_t i=0;i<n;i++) {
calil=c[il;
Ta[i]=T[i];
DCO_MODE: :global_tape->register_variable(calil);
DCO_MODE: :global_tape->register_variable(Tal[il) ;
}
f(ca,m,Ta,0,va);
cerr << "record (0," << m << ")=" << dco::size_of (DCO_MODE: :global_tape) << "B
" << endl;
derivative(va)=1.0;
DCO_MODE: :global_tape->register_output_variable(va);
DCO_MODE: :global_tape->interpret_adjoint();
for (size_t i=0;i<n;i++) dvdc[il=derivative(calil);
DCO_TAPE_TYPE: :remove (DCO_MODE: : global_tape) ;
cout.precision(5);
for(size_t i=0;i<n;i++)
cout << "dvdc[" << i << "]=" << dvdc[i] << endl;
return O;

B.4.4 gals<double > + Equidistant Checkpointing

This section shows the computation of the gradient in adjoint mode with equidistant checkpointing.

#include <cstdlib>

#include <iostream>

#include <cassert>

#include "dco.hpp"

using namespace std;

using namespace dco;

typedef gals<double> DCO_MODE;

typedef DCO_MODE: :type DCO_TYPE;
typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

#include "../include/f.hpp"

template<typename TYPE>
void EulerSteps(const size_t m, const vector<TYPE>& A, vector<TYPE>& T){
size_t n=T.size();
for (size_t j=0;j<m;j++) {
for (size_t i=0;i<n;++i) T[il=-T[i];
Solve(A,T);
}
}
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template<typename DCO_TYPE>
void EulerSteps_make_gap(const size_t m, const vector<DCO_TYPE>& A, vector<

}

DCO_TYPE>& T){

typedef mode<DCO_TYPE> MODE_T;
size_t n=T.size();

auto T_in(T);

// forward run

MODE_T: :global_tape->switch_to_passive();
EulerSteps(m,A,T);

MODE_T: :global_tape->switch_to_active();

// register output
for (size_t i=0;i<n;i++) MODE_T::global_tape->register_variable(T[i]);

auto fill_gap = [=,&A1(0) {

};

auto p = MODE_T::global_tape->get_position();
vector<DCO_TYPE> T1(T_in);

//forward run
EulerSteps(m,A,T1);
cerr << '"record =" << dco::size_of (MODE_T::global_tape) << "B" << endl;

//get output adjoints (seeds for this section)

for (size_t i=0;i<n;i++) {
MODE_T: :global_tape->register_output_variable(T1[i]);
dco::derivative(T1[i]) = dco::derivative(T[i]);

3

//reverse run and reset to position p (so only reverse run of Solve)
MODE_T: :global_tape->interpret_adjoint_and_reset_to(p);

MODE_T: :global_tape->insert_callback(std: :move(fill_gap));

template <typename TYPE>
inline void sim(const vector<TYPE>& c, const size_t m, vector<TYPE>& T, const

}

size_t cs) {

size_t n=T.size();

static vector<TYPE> A(n*n); // static avoids copy
residual_jacobian(c,T,A);

for (size_t i=0;i<n;++i) {

}

for (size_t j=0;j<n;++j)
Ali*n+jl=A[i*n+j]/m;
Ali+i*n]=A[i+i*n]-1;

LUDecomp (4) ;
for (size_t j=0;j<m;j+=cs) {

}

size_t s=(j+cs<m) 7 cs : m-j;
EulerSteps_make_gap<DCO_TYPE>(s,A,T);
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template <typename TYPE, typename OTYPE>
inline void f(const vector<TYPE>& c, const size_t m, vector<TYPE>& T, const
vector<OTYPE>& 0, TYPE& v, const size_t cs) {
sim(c,m,T,cs);
v=0;
size_t n=T.size();
for (size_t i=0;i<n-1;++i)
v=v+(T[1]1-0[i1)*(T[i]-0[i]1);
v=v/(n-1);
}

int main(int argc, charx argv([]){
if (argc'=4) {
cerr << "2 parameters expected:" << endl

<< " 1. number of spatial finite difference grid points" << endl
<< " 2. number of implicit Euler steps" << endl
<< " 3. distance between checkpoints" << endl;
return -1;
X

size_t n=atoi(argv([1]), m=atoi(argv[2]), cs=atoi(argv[3]);
assert(cs<=m);

vector<double> c(n);

for (size_t i=0;i<n;i++) c[i]=0.01;
vector<double> T(n);

for (size_t i=0;i<n-1;i++) T[i]=300.;
T[n-1]1=1700.;

ifstream ifs("0.txt");

vector<double> 0(n);

for (size_t i=0;i<n;i++) ifs >> 0[i] ;
vector<double> dvdc(n);

vector<DCO_TYPE> ca(n);
vector<DCO_TYPE> Ta(n);
DCO_TYPE va;
DCO_MODE: :global_tape=DCO_TAPE_TYPE: :create();
for(size_t i=0;i<n;i++) {
calil=c[il;
Ta[i]=T[i];
DCO_MODE: :global_tape->register_variable(calil);
DCO_MODE: :global_tape->register_variable(Ta[i]);
}
f(ca,m,Ta,0,va,cs);
cerr << '"record=" << dco::size_of (DCO_MODE: :global_tape) << "B" << endl;
derivative(va)=1.0;
DCO_MODE: :global_tape->register_output_variable(va);
DCO_MODE: :global_tape->interpret_adjoint();
for (size_t i=0;i<n;i++) dvdc[il=derivative(calil);
DCO_TAPE_TYPE: :remove (DCO_MODE: : global_tape) ;
cout.precision(5);
for(size_t i=0;i<n;i++)
cout << "dvdc[" << i << "]=" << dvdc[i] << endl;
return O;
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B.4.5 gals<double > + Symbolic Derivative of Linear Solver

This section shows the computation of the gradient in adjoint mode with symbolically differentiated
linear solver.

#include <cstdlib>

#include <iostream>

#include <cassert>

#include "dco.hpp"

using namespace std;

using namespace dco;

typedef gals<double> DCO_MODE;

typedef DCO_MODE: :type DCO_TYPE;
typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

#include "../include/f.hpp"

template<typename DCO_MODE, typename TYPE>
void LUDecomp_make_gap(vector<TYPE>& A){
size_t n=static_cast<size_t>(sqrt(double(A.size())));
vector<double> Ap(n#*n);
for(size_t i=0;i<n*n;i++) Ap[i]l=value(A[i]);
LUDecomp (Ap) ;
for(size_t i=0;i<n;i++)
for(size_t j=0;j<n;j++)
value (A[i*n+j])=Ap[i*n+j];
}

// U T*y=b
template <class TYPE>
inline void FSubstT(const vector<TYPE>& LU, vector<TYPE>& y) {
size_t n=y.size();
for (size_t i=0;i<n;i++){
for (size_t j=0;j<i;j++)
y[il=y[i]1-LU[j*n+il*y [j];
y[il=y[i]/LU[i*n+i];
}
}

// L T*z=y
template <class TYPE>
inline void BSubstT(const vector<TYPE>& LU, vector<TYPE>& b) {
size_t n=b.size();
for (size_t k=n,i=n-1;k>0;k--,i--)
for (size_t j=n-1;j>i;j--)
b[il=b[i]-LU[j*n+i]l*b[j];
}

// LU T*z=y

template <class TYPE>

inline void SolveT(const vector<TYPE>& LU, vector<TYPE>& b) {
FSubstT(LU,b) ;
BSubstT(LU,b) ;

}

nEE; B e | RWWTH
i
| (PYR

gineering



60

61

62

63

64

65

66

67

68

69

70

71

72

73

T4

75

76

T

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

dco/c++ User Guide 151

template<typename DCO_MODE, typename TYPE>
void Solve_make_gap(const vector<TYPE>& LU, vector<TYPE>& b){
const size_t n = b.size();
auto rhs(b);
DCO_MODE: :global_tape->switch_to_passive();
Solve(LU,b);
DCO_MODE: :global_tape->switch_to_active();
DCO_MODE: :global_tape->register_variable(b);

auto fill_gap = [=,&LU]J () {
vector<DCO_TYPE> alb(n);
for (size_t i = 0; i < n; ++i) alb[i] = dco::derivative(b[i]);
DCO_MODE: :global_tape->switch_to_passive();
SolveT(LU,alb);

for (size_t i=0;i<n;i++)
for (size_t j=0;j<n;j++)
dco::derivative(LU[i*n+j]) += dco::value(-alb[i]*b[j]);
dco::derivative(rhs) += dco::value(alb);
DCO_MODE: :global_tape->switch_to_active();
+;

DCO_MODE: :global_tape->insert_callback(std: :move(fill_gap));
}

template <>
inline void sim(const vector<DCO_TYPE>& c, const size_t m, vector<DCO_TYPE>& T)
{
const size_t n=c.size();
static vector<DCO_TYPE> A(n*n);
residual_jacobian(c,T,A);
for (size_t i=0;i<n;++i) {
for (size_t j=0;j<n;++j)
Ali*n+j]=A[i*n+j] / static_cast<double>(m);
Afi+i*n]=A[i+i*n]-1;
}
LUDecomp_make_gap<DCO_MODE> (A) ;
for (size_t j=0;j<m;++j) {
for (size_t i=0;i<n;++i) T[i]=-TI[i];
Solve_make_gap<DCO_MODE>(A,T);
}
}

int main(int argc, charx argv([]){
if (argc!=3) {
cerr << "2 parameters expected:" << endl

<< " 1. number of spatial finite difference grid points" << endl
<< " 2. number of implicit Euler steps" << endl;

return -1;
3

size_t n=atoi(argv([1]), m=atoi(argv[2]);
vector<double> c(n);
for (size_t i=0;i<n;i++) c[i]=0.01;
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vector<double> T(n);

for (size_t i=0;i<n-1;i++) T[i]=300.;
T[n-1]1=1700.;

ifstream ifs("0.txt");

vector<double> 0(n);

for (size_t i=0;i<n;i++) ifs >> 0[i] ;
vector<double> dvdc(n);

vector<DCO_TYPE> ca(n);
vector<DCO_TYPE> Ta(n);
DCO_TYPE va;
DCO_MODE: : global_tape=DCO_TAPE_TYPE: :create() ;
for(size_t i=0;i<n;i++) {
calil=c[i];
Ta[i]l=TI[il;
DCO_MODE: :global_tape->register_variable(cal[i]);
}
f(ca,m,Ta,0,va);
cerr << "record (0," << m << ")=" << dco::size_of (DCO_MODE: :global_tape) << "B
" << endl;
derivative(va)=1.0;
DCO_MODE: :global_tape->register_output_variable(va);
DCO_MODE: :global_tape->interpret_adjoint();
DCO_MODE: :global_tape->write_to_dot();

for (size_t i=0;i<n;i++) dvdc[il=derivative(calil);
DCO_TAPE_TYPE: :remove (DCO_MODE: : global_tape) ;
cout.precision(5);
for(size_t i=0;i<n;i++)

cout << "dvdc[" << i << "]=" << dvdc[i] << endl;
return O;

B.4.6 gals< double > 4+ Symbolic Derivative of Linear Solver and Equidis-
tant Checkpointing

This section shows the computation of the gradient in adjoint mode with equidistant checkpointing
and symbolically differentiated linear solver.

#include <cstdlib>

#include <iostream>

#include <cassert>

#include "dco.hpp"

using namespace std;

using namespace dco;

typedef gals<double> DCO_MODE;

typedef DCO_MODE: :type DCO_TYPE;
typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

#include "../include/f.hpp"

template<typename DCO_MODE, typename TYPE>
void Solve_make_gap(const vector<TYPE>& LU, vector<TYPE>& b);
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void EulerSteps(const size_t m, const vector<DCO_TYPE>& A, vector<DCO_TYPE>& T){

size_t n=T.size();
for (size_t j=0;j<m;j++) {
for (size_t i=0;i<n;++i) T[i]=-T[i];
if (DCO_MODE: :global_tape->is_active())
Solve_make_gap<DCO_MODE>(A,T);
else
Solve(A,T);

template<typename DCO_TYPE>
void EulerSteps_make_gap(const size_t m, const vector<DCO_TYPE>& A, vector<
DCO_TYPE>& T){
typedef mode<DCO_TYPE> MODE_T;
size_t n=T.size();

auto T_in(T);

// forward run

MODE_T: :global_tape->switch_to_passive();
EulerSteps(m,A,T);

MODE_T: :global_tape->switch_to_active();

// register output
for (size_t i=0;i<n;i++) MODE_T::global_tape->register_variable(T[i]);

auto fill_gap = [=,%A10) {
auto p = MODE_T::global_tape->get_position();
vector<DCO_TYPE> T1(T_in);

//forward run
EulerSteps(m,A,T1);
cerr << '"record =" << dco::size_of (MODE_T: :global_tape) << "B" << endl;

//get output adjoints (seeds for this section)

for (size_t i=0;i<n;i++) {
MODE_T: :global_tape->register_output_variable(T1[i]);
dco::derivative(T1[i]) = dco::derivative(T[i]);

}

//reverse run and reset to position p (so only reverse run of Solve)
MODE_T: :global_tape->interpret_adjoint_and_reset_to(p);
I

MODE_T: :global_tape->insert_callback(std: :move(fill_gap));
}

template<typename DCO_MODE, typename TYPE>
void LUDecomp_make_gap(vector<TYPE>& A){
size_t n=sqrt(double(A.size()));
vector<double> Ap(n#*n);
for(size_t i=0;i<n*n;i++) Ap[il=value(A[il);
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LUDecomp (Ap) ;
for(size_t i=0;i<n;i++)
for(size_t j=0;j<n;j++)
value (A[i*n+j])=Ap[i*n+j];
}

// U T*y=b
template <class TYPE>
inline void FSubstT(const vector<TYPE>& LU, vector<TYPE>& y) {
size_t n=y.size();
for (size_t i=0;i<n;i++){
for (size_t j=0;j<i;j++)
y[il=y[1]1-LU[j*n+il*y[j];
y[il=y[1]/LU[i*n+i];
}
}

// L T*z=y
template <class TYPE>
inline void BSubstT(const vector<TYPE>& LU, vector<TYPE>& b) {
size_t n=b.size();
for (size_t k=n,i=n-1;k>0;k--,i--)
for (size_t j=n-1;j>i;j--)
b[il=b[i]l-LU[j*n+i]l*b[j];
}

// LU T*z=y

template <class TYPE>

inline void SolveT(const vector<TYPE>& LU, vector<TYPE>& b) {
FSubstT(LU,b) ;
BSubstT(LU,b) ;

}

template<typename DCO_MODE, typename TYPE>
void Solve_make_gap(const vector<TYPE>& LU, vector<TYPE>& b){

const size_t n = b.size();

auto rhs(b);

DCO_MODE: :global_tape->switch_to_passive();
Solve(LU,b);

DCO_MODE: :global_tape->switch_to_active();
DCO_MODE: :global_tape->register_variable(b);

auto fill gap = [=,&LU] Q) {
vector<DCO_TYPE> alb(n);
for (size_t i = 0; i < n; ++i) alb[i] = dco::derivative(b[i]);
DCO_MODE: :global_tape->switch_to_passive();
SolveT(LU,alb);

for (size_t i=0;i<n;i++)
for (size_t j=0;j<n;j++)
dco::derivative(LU[i*n+j]) += dco::value(-alb[i]*b[j]);
dco::derivative(rhs) += dco::value(alb);
DCO_MODE: : global_tape->switch_to_active();
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}

};

DCO_MODE: :global_tape->insert_callback(std: :move(fill_gap));

inline void sim(const vector<DCO_TYPE>&% c, const size_t m, vector<DCO_TYPE>& T,

}

const size_t cs) {
const size_t n=c.size();
static vector<DCO_TYPE> A(n*n);
residual_jacobian(c,T,A);
for (size_t i=0;i<n;++i) {
for (size_t j=0;j<n;++j)
Ali*n+j]=A[i*n+j]/m;
Ali+i*n]=A[i+i*n]-1;
}
LUDecomp_make_gap<DCO_MODE>(A) ;
for (size_t j=0;j<m;j+=cs) {
size_t s=(j+cs<m) 7 cs : m-j;
EulerSteps_make_gap<DCO_TYPE>(s,A,T) ;
}

template <typename TYPE, typename OTYPE>
inline void f(const vector<TYPE>& c, const size_t m, vector<TYPE>& T, const

}

vector<OTYPE>& 0, TYPE& v, const size_t cs) {
sim(c,m,T,cs);
v=0;
size_t n=T.size();
for (size_t i=0;i<n-1;++i)
v=v+(T[1]1-0[i])*(T[i]-0[i]);
v=v/(n-1);

int main(int argc, charx argv([]){

if (argc!=4) {
cerr << "3 parameters expected:" << endl

<< " 1. number of spatial finite difference grid points" << endl
<< " 2. number of implicit Euler steps" << endl
<< " 3. distance between checkpoints " << endl;
return -1;
}

size_t n=atoi(argv([1]), m=atoi(argv[2]), cs=atoi(argv([3]);
vector<double> c(n);

for (size_t i=0;i<n;i++) c[i]=0.01;

vector<double> T(n);

for (size_t i=0;i<mn-1;i++) T[i]=300.;

T[n-1]1=1700.;

ifstream ifs("0.txt");

vector<double> 0(n);

for (size_t i=0;i<n;i++) ifs >> 0[i] ;

vector<double> dvdc(n);

vector<DCO_TYPE> ca(n);
vector<DCO_TYPE> Ta(n);
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DCO_TYPE va;
DCO_MODE: : global_tape=DCO_TAPE_TYPE: :create() ;
for(size_t i=0;i<n;i++) {

calil=c[il;

Ta[i]=T[i];

DCO_MODE: :global_tape->register_variable(cali]);
}

f(ca,m,Ta,0,va,cs);

cerr << "record (0," << m << ")=" << dco::size_of (DCO_MODE: :global_tape) << "B

" << endl;

derivative(va)=1.0;
DCO_MODE: :global_tape->register_output_variable(va);
DCO_MODE: :global_tape->interpret_adjoint();
for (size_t i=0;i<n;i++) dvdc[i]=derivative(calil);
DCO_TAPE_TYPE: : remove (DCO_MODE: : global_tape) ;
cout.precision(5);
for(size_t i=0;i<n;i++)

cout << "dvdc[" << i << "]=" << dvdc[i] << endl;
return 0;

B.5 Hessian

B.5.1 Finite Differences

This section shows the approximation of the Hessian by finite difference.

#include <cstdlib>
#include <iostream>
#include <fstream>
#include <vector>

#include <cfloat>

#include "../include/f.hpp"
using namespace std;

int main(int argc, char*x argv[]){
cout.precision(5);
if (arge<3d) {
cerr << "2 parameters expected:" << endl

<< " 1. number of spatial finite difference grid points" << endl
<< " 2. number of implicit Euler steps" << endl
<< " 3. if third parameter given, print output" << endl;

return -1;
}
size_t n=atoi(argv([1l]), m=atoi(argv[2]);
vector<double> c(n);
for (size_t i=0;i<n;i++) c[i]=0.01;
vector<double> T(n);
for (size_t i=0;i<n-1;i++) T[i]=300.;
T[n-1]1=1700.;
ifstream ifs("0.txt");
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vector<double> 0(n);
for (size_t i=0;i<n;i++) ifs >> 0[i] ;
vector<double> cp(n,0),Tp(n,0);
vector<vector<double> > d2vdc2(n,vector<double>(n,0));
double vpl, vp2;
for (size_t i=0;i<n;i++) {
for (size_t j=0;j<n;j++) {
double h=(c[j]==0) 7 sqrt(sqrt(DBL_EPSILON)) : sqrt(sqrt(DBL_EPSILON))*abs
(cl3iD);
for (size_t k=0;k<n;k++) { cplkl=cl[k]; Tplk]=T[k]; }
cplil+=h; cpljl+=h;
f(cp,m,Tp,0,vp2);
for (size_t k=0;k<n;k++) { cplkl=c[k]; Tplk]=T[k]; }
cplil-=h; cpl[jl+=h;
f(cp,m,Tp,0,vpl);
vp2-=vpl;
for (size_t k=0;k<n;k++) { cplkl=c[k]; Tplk]l=T[k]; }
cplil+=h; cpl[jl-=h;
f(cp,m,Tp,0,vpl);
vp2-=vpl;
for (size_t k=0;k<n;k++) { cplkl=c[k]; Tplk]=T[k]; }
cplil-=h; cpljl-=h;
f(cp,m,Tp,0,vpl);
vp2+=vpl;
d2vdc2[i] [j1=vp2/ (4*h*h) ;
}
}
cout.precision(5);
if (argc == 4) {
for (size_t i=0;i<n;i++)
for (size_t j=0;j<n;j++)
cout << "d2vdc2[" << i << "][" << j << "]="
<< d2vdc2[i] [j] << endl;
} else {
cout << "2nd-order finite differences too unstable to give reproducible
numbers on various platforms." << endl
<< "Run with third parameter to print derivative results." << endl;
}

return O;

B.5.2 gtls<gtis< double >::type>

This section shows the computation of the Hessian in second-order tangent mode.

#include <cstdlib>
#include <iostream>
#include <fstream>
#include "dco.hpp"
using namespace std;
using namespace dco;

typedef gtls<gtls<double>::type>::type DCO_TYPE;
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#include "../include/f.hpp"
pp

int main(int argc, char* argv[]){
if (argc!'=3) {
cerr << "2 parameters expected:" << endl

<< " 1. number of spatial finite difference grid points" << endl
<< " 2. number of implicit Euler steps" << endl;

return -1;
b

size_t n=atoi(argv([1]), m=atoi(argv[2]);
vector<double> c(n);
for (size_t i=0;i<n;i++) c[i]=0.01;
vector<double> T(n);
for (size_t i=0;i<n-1;i++) T[i]=300.;
T[n-1]1=1700.;
ifstream ifs("0.txt");
vector<double> 0(n);
for (size_t i=0;i<n;i++) ifs >> 0[i] ;
vector<vector<double> > d2vdc2(n,vector<double>(n,0));
vector<DCO_TYPE> ca(n);
vector<DCO_TYPE> Ta(n);
DCO_TYPE va;
for(size_t i=0;i<n;i++) {
for(size_t j=0;j<n;j++) {
for(size_t k=0;k<n;k++) { calkl=clk]; Talk]=T[k]; }
value(derivative(cali]l))=1.0; derivative(value(calj]))=1.0;
f(ca,m,Ta,0,va);
d2vdc2[i] [jl=derivative(derivative(va));
}
}
cout.precision(5);
for(size_t i=0;i<n;i++)
for(size_t j=0;j<n;j++)
cout << "dvdc[" << i << "][" << j << "]=" << d2vdc2[i] [j] << endl;
return 0;

B.5.3 gals<gtls< double >::type>

This section shows the approximation of the Hessian in second-order adjoint mode.

#include <cstdlib>

#include <iostream>

#include "dco.hpp"

using namespace std;

using namespace dco;

typedef gals<gtls<double>::type> DCO_MODE;

typedef DCO_MODE: :type DCO_TYPE;

typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

typedef DCO_TAPE_TYPE::iterator_t DCO_TAPE_POSITION_TYPE;

#include "../include/f.hpp"
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13 int main(int argc, char* argv[]){
14 if (argc!=3) {

15 cerr << "2 parameters expected:" << endl

16 << " 1. number of spatial finite difference grid points" << endl
17 << " 2. number of implicit Euler steps" << endl;

18 return -1;

19 }

20 size_t n=atoi(argv([1l]), m=atoi(argv[2]);

21 vector<double> c(n);

22 for (size_t i=0;i<n;i++) c[i]=0.01;

23 vector<double> T(n);

24 for (size_t i=0;i<mn-1;i++) T[i]=300.;
25 T[n-1]1=1700.;

26 ifstream ifs("0.txt");

27 vector<double> 0(n);

28 for (size_t i=0;i<n;i++) ifs >> 0[i] ;

20 vector<vector<double> > d2vdc2(n,vector<double>(n,0));

30

31 vector<DCO_TYPE> ca(n);

32 vector<DCO_TYPE> Ta(n);

33 DCO_TYPE va;

34 DCO_MODE: : global_tape=DCO_TAPE_TYPE: :create() ;

35

36 for(size_t i=0;i<n;i++) {

37 calil=c[i];

38 Tal[il=T[i];

39 DCO_MODE: :global_tape->register_variable(calil);
10 }

41 DCO_TAPE_POSITION_TYPE p=DCO_MODE: :global_tape->get_position();
42 for(size_t i=0;i<n;i++) {

13 for(size_t j=0;j<n;j++) Taljl=T[j];

44 if (i>0) DCO_MODE::global_tape->zero_adjoints();

45 derivative(value(cali]))=1;

46 f(ca,m,Ta,0,va);

a7 value (derivative(va))=1;

a8 DCO_MODE: :global_tape->interpret_adjoint();

49 for(size_t j=0;j<n;j++) derivative(value(cal[j]l))=0;

50 for(size_t j=0;j<n;j++) d2vdc2[j] [i]=derivative(derivative(caljl));
51 DCO_MODE: :global_tape->reset_to(p);

52 }

53 DCO_TAPE_TYPE: : remove (DCO_MODE: : global_tape) ;

54 cout.precision(5);

55 for(size_t i=0;i<n;i++)

56 for(size_t j=0;j<n;j++)

57 cout << "d2vdc2[" << i << "][" << j << "]=" << d2vdc2[i][j] << endl;
58

59 return O;

60 }
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B.5.4 gals<gtis<double >::type> + Equidistant Checkpointing

This section shows the computation of the Hessian in second-adjoint mode with equidistant check-
pointing.

#include <cstdlib>

#include <iostream>

#include <cassert>

#include "dco.hpp"

using namespace std;

using namespace dco;

typedef gals<gtls<double>::type> DCO_MODE;

typedef DCO_MODE: :type DCO_TYPE;

typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

typedef DCO_TAPE_TYPE::iterator_t DCO_TAPE_POSITION_TYPE;

#include "../include/f.hpp"

template<typename TYPE>
void EulerSteps(const size_t m, const vector<TYPE>& A, vector<TYPE>& T) {
size_t n=T.size();
for (size_t j=0;j<m;j++) {
for (size_t i=0;i<n;++i) T[i]=-TI[i];
Solve(A,T);
}
}

template<typename DCO_TYPE>
void EulerSteps_make_gap(const size_t m, const vector<DCO_TYPE>& A, vector<
DCO_TYPE>& T){
typedef mode<DCO_TYPE> MODE_T;
size_t n=T.size();

auto T_in(T);

// forward run

MODE_T: :global_tape->switch_to_passive();
EulerSteps(m,A,T);

MODE_T: :global_tape->switch_to_active();

// register output
for (size_t i=0;i<n;i++) MODE_T::global_tape->register_variable(T[i]);

auto fill_gap = [=,&A10 {
auto p = MODE_T::global_tape->get_position();
vector<DCO_TYPE> T1(T_in);

//forward run
EulerSteps(m,A,T1);
cerr << '"record =" << dco::size_of (MODE_T::global_tape) << "B" << endl;

//get output adjoints (seeds for this section)
for (size_t i=0;i<n;i++) {
MODE_T: :global_tape->register_output_variable(T1[i]);
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dco::derivative(T1[i]) = dco::derivative(T[i]);

3

//reverse run and reset to position p (so only reverse run of Solve)
MODE_T: :global_tape->interpret_adjoint_and_reset_to(p);
+;

MODE_T: :global_tape->insert_callback(std: :move(fill_gap));
}

template <typename TYPE>
inline void sim(const vector<TYPE>& c, const size_t m, vector<TYPE>& T, const
size_t cs) {
size_t n=T.size();
static vector<TYPE> A(n*n); // static avoids copy

residual_jacobian(c,T,A);

for (size_t i=0;i<n;++i) {
for (size_t j=0;j<n;++j)

Ali*n+jl=A[i*n+j]/m;

Afi+i*n]=A[i+i*n]-1;

}

LUDecomp (A) ;

for (size_t j=0;j<m;j+=cs) {
size_t s=(j+cs<m) 7 cs : m—j;
EulerSteps_make_gap<DCO_TYPE>(s,A,T);

}

}

template <typename TYPE, typename OTYPE>
inline void f(const vector<TYPE>& c, const size_t m, vector<TYPE>& T, const
vector<0TYPE>& 0, TYPE& v, const size_t cs) {
sim(c,m,T,cs);
v=0;
size_t n=T.size();
for (size_t i=0;i<n-1;++i)
v=v+(T[1]1-0[i])*(T[i]-0[i]);
v=v/(n-1);
}

int main(int argc, char* argv[]){
if (argc'=4) {
cerr << "3 parameters expected:" << endl

<< " 1. number of spatial finite difference grid points" << endl
<< " 2. number of implicit Euler steps" << endl
<< " 3. distance between checkpoints" << endl;
return -1;
b

size_t n=atoi(argv[1]), m=atoi(argv[2]), cs=atoi(argv[3]);
assert(cs<=m) ;

vector<double> c(n);

for (size_t i=0;i<n;i++) c[i]=0.01;

vector<double> T(n);

for (size_t i=0;i<n-1;i++) T[i]=300.;
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T[n-1]1=1700.;

ifstream ifs("0.txt");

vector<double> 0(n);

for (size_t i=0;i<n;i++) ifs >> 0[i] ;
vector<vector<double> > d2vdc2(n,vector<double>(n,0));
vector<DCO_TYPE> ca(n);

vector<DCO_TYPE> Ta(n);

DCO_TYPE va;

DCO_MODE: :global_tape=DCO_TAPE_TYPE: :create();
for(size_t i=0;i<n;i++) {
calil=c[il;
Talil=T[i];
DCO_MODE: :global_tape->register_variable(cal[i]);
}
DCO_TAPE_POSITION_TYPE p=DCO_MODE: : global_tape->get_position();
for(size_t i=0;i<n;i++) {
for(size_t j=0;j<n;j++) Taljl=T[jl;
if (i>0) DCO_MODE::global_tape->zero_adjoints();
derivative(value(calil))=1;
f(ca,m,Ta,0,va,cs);
value(derivative(va))=1;
DCO_MODE: :global_tape->interpret_adjoint () ;
for(size_t j=0;j<n;j++) derivative(value(ca[j]))=0;
for(size_t j=0;j<n;j++) d2vdc2[j] [i]l=derivative(derivative(caljl));
DCO_MODE: :global_tape->reset_to(p);
}
DCO_TAPE_TYPE: :remove (DCO_MODE: : global_tape) ;
cout.precision(5);
for(size_t i=0;i<n;i++)
for(size_t j=0;j<n;j++)
cout << "d2vdc2[" << i << "][" << j << "]=" << d2vdc2[i] [j] << endl;
return 0;

B.5.5 gals<gtls< double >::type> + Symbolic Derivative of Linear Solver

This section shows the computation of the Hessian in second-adjoint mode with symbolically
differentiated linear solver.

#include <cstdlib>

#include <iostream>

#include <cassert>

#include "dco.hpp"

using namespace std;

using namespace dco;

typedef gtls<double>::type DCO_BASE_TYPE;
typedef gals<DCO_BASE_TYPE> DCO_MODE;
typedef DCO_MODE: :type DCO_TYPE;

typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;
typedef DCO_TAPE_TYPE::iterator_t DCO_TAPE_POSITION_TYPE;

#include "../include/f.hpp"

nag B e | RWWTH
i

for Computational
Engineering



14

15

16

17

18

19

20

21

22

23

24

26

27

28

29

30

32

33

34

36

37

38

39

40

41

42

43

44

45

46

47

48

49

dco/c++ User Guide 163

template<typename DCO_MODE, typename TYPE>
void LUDecomp_make_gap(vector<TYPE>& A){
size_t n=sqrt(double(A.size()));
vector<DCO_BASE_TYPE> Ap(n*n);
for(size_t i=0;i<n*n;i++) Ap[il=value(A[il);
LUDecomp (Ap) ;
for(size_t i=0;i<n;i++)
for(size_t j=0;j<n;j++)
value (A[i*n+j])=Ap[i*n+j];
}

// U T*y=b
template <class TYPE>
inline void FSubstT(const vector<TYPE>& LU, vector<TYPE>& y) {
size_t n=y.size();
for (size_t i=0;i<n;i++){
for (size_t j=0;j<i;j++)
y[il=y [i]1-LU[j*n+il*y[j];
y[il=y[i]/LU[i*n+i];
}
}

// L T*z=y
template <class TYPE>
inline void BSubstT(const vector<TYPE>& LU, vector<TYPE>& b) {
size_t n=b.size();
for (size_t k=n,i=n-1;k>0;k--,i--)
for (size_t j=n-1;j>i;j--)
blil=b[i]-LU[j*n+i]l*b[j];
}

// LU T*z=y

template <class TYPE>

inline void SolveT(const vector<TYPE>& LU, vector<TYPE>& b) {
FSubstT(LU,b) ;
BSubstT(LU,b) ;

}

template<typename DCO_MODE, typename TYPE>
void Solve_make_gap(const vector<TYPE>& LU, vector<TYPE>& b){

const size_t n = b.size();

auto rhs(b);

DCO_MODE: :global_tape->switch_to_passive();
Solve(LU,b);

DCO_MODE: :global_tape->switch_to_active();
DCO_MODE: :global_tape->register_variable(b);

auto fill gap = [=,&LU1 Q) {
vector<DCO_TYPE> alb(n);
for (size_t i = 0; i < n; ++i) alb[i] = dco::derivative(b[i]);
DCO_MODE: :global_tape->switch_to_passive();
SolveT(LU,alb);
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for (size_t i=0;i<n;i++)
for (size_t j=0;j<n;j++)
dco::derivative(LU[i*n+j]) += dco::value(-alb[i]*b[j]);
dco::derivative(rhs) += dco::value(alb);
DCO_MODE: : global_tape->switch_to_active();
I

DCO_MODE: :global_tape->insert_callback(std: :move(fill_gap));
}

template <>
inline void sim(const vector<DCO_TYPE>& c, const size_t m, vector<DCO_TYPE>& T)
{
const size_t n=c.size();
static vector<DCO_TYPE> A(n*n);
residual_jacobian(c,T,A);
for (size_t i=0;i<n;++i) {
for (size_t j=0;j<n;++j)
Ali*n+jl=A[i*n+j]/m;
Afi+i*n]=A[i+i*n]-1;
}
LUDecomp_make_gap<DCO_MODE> (A) ;
for (size_t j=0;j<m;++j) {
for (size_t i=0;i<n;++i) T[i]=-TI[i];
Solve_make_gap<DCO_MODE>(A,T);
}
}

int main(int argc, char* argv[]){
if (argc!=3) {
cerr << "2 parameters expected:" << endl

<< " 1. number of spatial finite difference grid points" << endl
<< " 2. number of implicit Euler steps" << endl;

return -1;
b

size_t n=atoi(argv[1]), m=atoi(argv[2]);
vector<double> c(n);

for (size_t i=0;i<n;i++) c[i]=0.01;

vector<double> T(n);

for (size_t i=0;i<mn-1;i++) T[i]=300.;

T[n-1]1=1700.;

ifstream ifs("0.txt");

vector<double> 0(n);

for (size_t i=0;i<n;i++) ifs >> 0[i] ;
vector<vector<double> > d2vdc2(n,vector<double>(n,0));

vector<DCO_TYPE> ca(n);

vector<DCO_TYPE> Ta(n);

DCO_TYPE va;

DCO_MODE: : global_tape=DCO_TAPE_TYPE: :create();

for(size_t i=0;i<n;i++) {
calil=c[i];
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Ta[i]=T[i];
DCO_MODE: :global_tape->register_variable(calil);
}
DCO_TAPE_POSITION_TYPE p=DCO_MODE: : global_tape->get_position();
for(size_t i=0;i<n;i++) {
for(size_t j=0;j<n;j++) Taljl=T[j];
if (i>0) DCO_MODE::global_tape->zero_adjoints();
derivative(value(cal[i]))=1;
f(ca,m,Ta,0,va);
value(derivative(va))=1;
DCO_MODE: :global_tape->interpret_adjoint();
for(size_t j=0;j<n;j++) derivative(value(cal[j]))=0;
for(size_t j=0;j<n;j++) d2vdc2[j][il=derivative(derivative(caljl));
DCO_MODE: :global_tape->reset_to(p);
}
DCO_TAPE_TYPE: :remove (DCO_MODE: : global_tape) ;
cout.precision(5);
for(size_t i=0;i<n;i++)
for(size_t j=0;j<n;j++)
cout << "d2vdc2[" << i << "][" << j << "]=" << d2vdc2[i] [j] << endl;

return 0;

B.5.6 gals<gtis< double >::type> 4+ Symbolic Derivative of Linear Solver
and Equidistant Checkpointing

This section shows the computation of the Hessian in second-adjoint mode with equidistant check-
pointing and symbolically differentiated linear solver.

#include <cstdlib>

#include <iostream>

#include <cassert>

#include "dco.hpp"

using namespace std;

using namespace dco;

typedef gtls<double>::type DCO_BASE_TYPE;
typedef gals<DCO_BASE_TYPE> DCO_MODE;
typedef DCO_MODE: :type DCO_TYPE;

typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;
typedef DCO_TAPE_TYPE::iterator_t DCO_TAPE_POSITION_TYPE;

#include "../include/f.hpp"

template<typename DCO_MODE, typename TYPE>
void Solve_make_gap(const vector<TYPE>& LU, vector<TYPE>& b);

void EulerSteps(const size_t m, const vector<DCO_TYPE>& A, vector<DCO_TYPE>& T){
size_t n=T.size();
for (size_t j=0;j<m;j++) {
for (size_t i=0;i<n;++i) T[i]=-T[il;
if (DCO_MODE: :global_tape->is_active())
Solve_make_gap<DCO_MODE>(A,T);
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else
Solve(A,T);

template<typename DCO_TYPE>
void EulerSteps_make_gap(const size_t m, const vector<DCO_TYPE>& A, vector<
DCO_TYPE>& T){
typedef mode<DCO_TYPE> MODE_T;
size_t n=T.size();

auto T_in(T);

// forward run

MODE_T: :global_tape->switch_to_passive();
EulerSteps(m,A,T);

MODE_T: :global_tape->switch_to_active();

// register output
for (size_t i=0;i<n;i++) MODE_T::global_tape->register_variable(T[i]);

auto fill_gap = [=,&A10 {
auto p = MODE_T::global_tape->get_position();
vector<DCO_TYPE> T1(T_in);

//forward run
EulerSteps(m,A,T1);
cerr << '"record =" << dco::size_of (MODE_T::global_tape) << "B" << endl;

//get output adjoints (seeds for this section)

for (size_t i=0;i<n;i++) {
MODE_T: :global_tape->register_output_variable(T1[i]);
dco::derivative(T1[i]) = dco::derivative(T[i]);

3

//reverse run and reset to position p (so only reverse run of Solve)
MODE_T: :global_tape->interpret_adjoint_and_reset_to(p);
+;

MODE_T: :global_tape->insert_callback(std: :move(fill_gap));
}

template<typename DCO_MODE, typename TYPE>
void LUDecomp_make_gap(vector<TYPE>& A){
size_t n=sqrt(double(A.size()));
vector<DCO_BASE_TYPE> Ap(n*n);
for(size_t i=0;i<n*n;i++) Ap[il=value(A[i]);
LUDecomp (Ap) ;
for(size_t i=0;i<n;i++)
for(size_t j=0;j<n;j++)
value (A[i*n+j])=Ap[i*n+j];
}

// U T*y=b
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template <class TYPE>

inline void FSubstT(const vector<TYPE>& LU, vector<TYPE>& y) {

size_t n=y.size();
for (size_t i=0;i<n;i++){
for (size_t j=0;j<i;j++)
y[il=y[1]1-LU[j*n+il*y [j];
y[il=y[i]/LU[i*n+i];
}
}

// L~ T*z=y
template <class TYPE>

inline void BSubstT(const vector<TYPE>& LU, vector<TYPE>& b) {

size_t n=b.size();
for (size_t k=n,i=n-1;k>0;k--,i--)
for (size_t j=n-1;j>i;j--)
b[i]=b[i]-LU[j*n+il*b[j];
}

// LU T*z=y
template <class TYPE>

inline void SolveT(const vector<TYPE>& LU, vector<TYPE>& b) {

FSubstT(LU,b) ;
BSubstT(LU,b);
}

template<typename DCO_MODE, typename TYPE>

void Solve_make_gap(const vector<TYPE>& LU, vector<TYPE>& b){

const size_t n = b.size();

auto rhs(b);

DCO_MODE: :global_tape->switch_to_passive();
Solve(LU,b);

DCO_MODE: :global_tape->switch_to_active();
DCO_MODE: :global_tape->register_variable(b) ;

auto fill_gap = [=,&LUJ () {
vector<DCO_TYPE> alb(n);
for (size_t i = 0; i < n; ++i) alb[i] = dco
DCO_MODE: :global_tape->switch_to_passive();
SolveT(LU,alb);

for (size_t i=0;i<n;i++)
for (size_t j=0;j<n;j++)

::derivative(b[i]);

dco::derivative(LU[i*n+j]) += dco::value(-ailb[i]l*b[j]1);

dco::derivative(rhs) += dco::value(alb);
DCO_MODE: :global_tape->switch_to_active();
};

DCO_MODE: :global_tape->insert_callback(std: :move(fill_gap));

}

inline void sim(const vector<DCO_TYPE>& c, const size_t m, vector<DCO_TYPE>& T,

const size_t cs) {
const size_t n=c.size();
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static vector<DCO_TYPE> A(n*n);

residual_jacobian(c,T,A);

for (size_t i=0;i<n;++i) {
for (size_t j=0;j<n;++j)

Ali*n+jl=A[i*n+j]/m;

A[i+i*n]=A[i+i*n]-1;

}

LUDecomp_make_gap<DCO_MODE>(A) ;

for (size_t j=0;j<m;j+=cs) {
size_t s=(j+cs<m) 7 cs : m-j;
EulerSteps_make_gap<DCO_TYPE>(s,A,T);

}

}

template <typename TYPE, typename OTYPE>
inline void f(const vector<TYPE>& c, const size_t m, vector<TYPE>& T, const
vector<OTYPE>& 0, TYPE& v, const size_t cs) {
sim(c,m,T,cs);
v=0;
size_t n=T.size();
for (size_t i=0;i<n-1;++i)
v=v+(T[i]1-0[i1)*(T[i]1-0[il);
v=v/(n-1);
}

int main(int argc, char* argv[]){
if (argc!=4) {
cerr << "3 parameters expected:" << endl

<< " 1. number of spatial finite difference grid points" << endl
<< " 2. number of implicit Euler steps" << endl
<< " 3. distance between checkpoints" << endl;
return -1;
3

size_t n=atoi(argv[1]), m=atoi(argv[2]), cs=atoi(argv[3]);
assert (cs<=m) ;

vector<double> c(n);

for (size_t i=0;i<n;i++) c[i]=0.01;

vector<double> T(n);

for (size_t i=0;i<n-1;i++) T[i]=300.;

T[n-1]1=1700. ;

ifstream ifs("0.txt");

vector<double> 0(n);

for (size_t i=0;i<n;i++) ifs >> 0[i] ;
vector<vector<double> > d2vdc2(n,vector<double>(n,0));
vector<DCO_TYPE> ca(n);

vector<DCO_TYPE> Ta(n);

DCO_TYPE va;

DCO_MODE: :global_tape=DCO_TAPE_TYPE: :create();
for(size_t i=0;i<n;i++) {

cal[il=c[i];

Tal[i]1=TI[il;

DCO_MODE: :global_tape->register_variable(cal[i]);
}
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183 DCO_TAPE_POSITION_TYPE p=DCO_MODE: :global_tape->get_position();
184 for(size_t i=0;i<n;i++) {

185 for(size_t j=0;j<n;j++) Tal[jl=T[j]l;

186 if (i>0) DCO_MODE::global_tape->zero_adjoints();

187 derivative(value(cal[i]))=1;

188 f(ca,m,Ta,0,va,cs);

189 value(derivative(va))=1;

190 DCO_MODE: :global_tape->interpret_adjoint () ;

191 for(size_t j=0;j<n;j++) derivative(value(caljl))=0;

192 for(size_t j=0;j<n;j++) d2vdc2[j] [i]=derivative(derivative(caljl));
193 DCO_MODE: :global_tape->reset_to(p);

194 }

195 DCO_TAPE_TYPE: :remove (DCO_MODE: : global_tape) ;

196 cout.precision(5);

197 for(size_t i=0;i<n;i++)

198 for(size_t j=0;j<n;j++)

199 cout << "d2vdc2[" << i << "][" << j << "]=" << d2vdc2[i] [j] << endl;
200 return 0;

201 }
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Appendix C

Case Study: Race

C.1 Purpose

Let the function

be implemented as follows:

template<class T>

void f(const vector<T> x, T& y) {
y=0;
for (size_t i=0;i<x.size();i++) y=y+x[i]l*x[i];
YEY*Ys

}

We compare various methods for computing the gradient and the Hessian of f.
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C.2 Gradient

n | cfd | gtls | gtlv | gals
10° | 89 | 78 56 0.3

Table C.1: Run times for identical results (up to machine accuracy) by AD modes; poor approxi-

mation by central finite differences.

C.2.1 Central Finite Differences

#include<iostream>
#include<cfloat>
#include<cmath>
#include<cassert>
#include<cstdlib>
#include<vector>
using namespace std;

#include "../x22.hpp"

template<typename T>
void cfd_driver(const vector<T> &x, T &y, vector<T> &g) {
size_t n=x.size();
vector<T> x_ph(n), x_mh(n);
T y_ph, y_mh;
f(x,y);
for (size_t i=0;i<n;i++) {
for (size_t j=0;j<n;j++) x_ph[jl=x_mh[jl=x[j];
T h=(x[1]==0) ? sqrt(DBL_EPSILON) : sqrt(DBL_EPSILON)*abs(x[i]);
x_ph[il+=h;
f(x_ph,y_ph);
x_mh[i]-=h;
f(x_mh,y_mh);
glil=(y_ph-y_mh)/(2*h);
}
}

int main(int c, char* v[]) {

assert(c==2); (void)c;
cout.precision(5);
size_t n=atoi(v[1]);
vector<double> x(n), g(n); double y;
for (size_t i=0;i<n;i++) x[i]l=cos(double(i));
cfd_driver(x,y,g);
cout << y << endl;
for (size_t i=0;i<n;i++)

cout << g[i] << endl;
return O;

}
C.2.2 First-order Tangent Mode
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#include<vector>
#include<iostream>
#include "dco.hpp"
using namespace std;
using namespace dco;
#include "../x22.hpp"

template<typename T>

void gtls_driver(const vector<T>& xv, T& yv, vector<T>& g) {

typedef typename gtls<T>::type DCO_TYPE;
size_t n=xv.size();
vector<DCO_TYPE> x(n); DCO_TYPE y;
for (size_t i=0;i<n;i++) {
for (size_t j=0;j<n;j++) x[jl=xv[j]l;
derivative(x[i])=1.;
£f(x,y);
glil=derivative(y);
}
yv=value(y) ;
}

int main(int c, char*x v[]) {

assert(c==2); (void)c;
cout.precision(5);
size_t n=atoi(v[1]);
vector<double> x(n), g(n); double y;
for (size_t i=0;i<n;i++) x[i]l=cos(double(i));
gtis_driver(x,y,g);
cout << y << endl;
for (size_t i=0;i<n;i++)

cout << g[i] << endl;
return O;

}
C.2.3 First-order Tangent Vector Mode

#include<vector>
#include<iostream>
#include "dco.hpp"
using namespace std;
using namespace dco;
#include "../x22.hpp"

template<typename T>

void gtlv_driver(const vector<T>& xv, T& yv, vector<T>& g) {

size_t n=xv.size(); const size_t 1=100; assert(!(n%l));
typedef typename gtlv<T,1>::type DCO_TYPE;
vector<DCO_TYPE> x(n); DCO_TYPE y;
for (size_t j=0;j<n/1l;j++) {
for (size_t i=0;i<n;i++) x[il=xv[i];
for (size_t i=0;i<1;i++) derivative(x[j*1+i]) [i]=1.;
£(x,7);
for (size_t i=0;i<1;i++) glj*l+i]l=derivative(y) [i];
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yv=value(y) ;
}

int main(int c, char* v[]) {

assert(c==2); (void)c;
cout.precision(5);
size_t n=atoi(v[1]);
vector<double> x(n), g(n); double y;
for (size_t i=0;i<n;i++) x[il=cos(double(i));
gtlv_driver(x,y,g);
cout << y << endl;
for (size_t i=0;i<n;i++)

cout << g[i] << endl;
return 0;

}
C.2.4 First-order Adjoint Mode

#include<vector>
#include<iostream>
#include "dco.hpp"
using namespace std;
using namespace dco;
#include "../x22.hpp"

template<typename T>

void gals_driver(const vector<T>& xv, T& yv, vector<T>& g) {

typedef gals<T> DCO_MODE;

typedef typename DCO_MODE::type DCO_TYPE;
typedef typename DCO_MODE::tape_t DCO_TAPE_TYPE;
size_t n=xv.size();

vector<DCO_TYPE> x(n); DCO_TYPE y;

DCO_MODE: : global_tape=DCO_TAPE_TYPE: :create() ;
for (size_t j=0;j<n;j++) {
DCO_MODE: :global_tape->register_variable(x[j]);
value(x[j1)=xv[j];
}
f(x,y);
DCO_MODE: :global_tape->register_output_variable(y);
yv=value(y) ;
derivative(y)=1;
DCO_MODE: :global_tape->interpret_adjoint();
for (size_t j=0;j<n;j++) gljl=derivative(x[jl);
DCO_TAPE_TYPE: :remove (DCO_MODE: : global_tape) ;
}

int main(int c, char* v[]) {
assert(c==2); (void)c;
cout.precision(5);
size_t n=atoi(v[1]);
vector<double> x(n), g(n); double y;
for (size_t i=0;i<n;i++) x[i]l=cos(double(i));
gals_driver(x,y,g);
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cout << y << endl;

for (size_t i=0;i<n;i++)
cout << g[i] << endl;

return 0;

}
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C.3 Hessian

n socfd | gt2s_gtls | gt2s_gals | ga2s_gtls | ga2s_gals
10° 11 11 2.5 2.6 2.5
2-10% | 106 91 9.6 10.8 9.6

Table C.2: Run times for identical results (up to machine accuracy) by AD modes; poor approxi-
mation by central finite differences.

C.3.1 Second-order Central Finite Differences

#include<iostream>
#include<cfloat>
#include<cmath>
#include<cassert>
#include<cstdlib>
#include<vector>
using namespace std;

#include "../x22.hpp"

template<typename T>
void cfd_driver(const vector<T> &x, T &y, vector<T> &g) {
size_t n=x.size();
vector<T> x_ph(n), x_mh(n);
T y_ph, y_mh;
£(x,y);
for (size_t i=0;i<n;i++) {
for (size_t j=0;j<n;j++) =x_ph[jl=x_mh[jl=x[j];
T h=(x[i]1==0) ? sqrt(sqrt(DBL_EPSILON)) : sqrt(sqrt(DBL_EPSILON))*abs(x[i]);
x_ph[i]l+=h;
f(x_ph,y_ph);
x_mh[i]-=h;
f(x_mh,y_mh);
glil=(y_ph-y_mh)/(2xh);

template<typename T>
void socfd_driver(const vector<T> &x, T &y, vector<T> &g, vector<vector<T> >& H)
{
size_t n=x.size();
vector<T> x_ph(n), x_mh(n), g_ph(n), g_mh(n);
T y_ph, y_mh;
cfd_driver(x,y,g);
for (size_t i=0;i<n;i++) {
for (size_t j=0;j<n;j++) x_ph[jl=x_mh[jl=x[j];
T h=(x[1]==0) 7 sqrt(sqrt(DBL_EPSILON)) : sqrt(sqrt(DBL_EPSILON))*abs(x[i]);
x_ph[il+=h;
f(x_ph,y_ph);
cfd_driver(x_ph,y_ph,g_ph);
x_mh[i]-=h;
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cfd_driver(x_mh,y_mh,g _mh);
for (size_t j=0;j<n;j++) H[i]l[j1=(g_ph[jl-g_mh[j1)/(2%h);
}
}
int main(int c, char*x v[]) {
assert(c==2); (void)c;
cout.precision(5);
size_t n=atoi(v[1]);
vector<vector<double> > H(n, vector<double>(n));
vector<double> x(n), g(n); double y;
for (size_t i=0;i<n;i++) x[i]l=cos(double(i));
socfd_driver(x,y,g,H);
cout << y << endl;
for (size_t i=0;i<n;i++)
cout << gl[i] << endl;
for (size_t i=0;i<n;i++)
for (size_t j=0;j<n;j++)
cout << H[i][j] << endl;
return 0;
}
C.3.2 Second-order Tangent Mode
#include<iostream>
#include<vector>
#include "dco.hpp"
using namespace std;
using namespace dco;
typedef gtls<double> DCO_BASE_MODE;
typedef DCO_BASE_MODE: :type DCO_BASE_TYPE;
typedef gtls<DCO_BASE_TYPE> DCO_MODE;
typedef DCO_MODE: :type DCO_TYPE;
#include "../x22.hpp"
template<typename T>
void driver(const vector<T>& xv, T& yv, vector<T>& g, vector<vector<T> >& h) {

size_t n=xv.size();
vector<DCO_TYPE> x(n); DCO_TYPE y;

for

(size_t i=0;i<n;i++) {

for (size_t j=0;j<n;j++) {

3

for (size_t k=0;k<n;k++) x[kl=xv[k];
derivative(value(x[i]))=1;
value(derivative(x[j1))=1;

£f(x,y);

hl[i] [jl=derivative(derivative(y));

glil=derivative(value(y));

}

yv=passive_value(y);

}
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int main(int c, char* v[]) {

}

assert(c==2); (void)c;
cout.precision(5);
size_t n=atoi(v[1]);
vector<vector<double> > H(n, vector<double>(n));
vector<double> x(n), g(n); double y;
for (size_t i=0;i<n;i++) x[il=cos(double(i));
driver(x,y,g,H);
cout << y << endl;
for (size_t i=0;i<n;i++)

cout << g[i] << endl;
for (size_t i=0;i<n;i++)

for (size_t j=0;j<n;j++)

cout << H[i][j] << endl;

return O;

C.3.3 Second-order Adjoint Mode (Tangent over Adjoint)

#include<vector>
#include<iostream>
#include "dco.hpp"
using namespace std;
using namespace dco;
#include "../x22.hpp"

template<typename T>
void driver(const vector<T>& xv, T& yv, vector<T>& g, vector<vector<T> >& H) {

typedef typename gtls<T>::type DCO_BASE_TYPE;
typedef gals<DCO_BASE_TYPE> DCO_MODE;

typedef typename DCO_MODE: :type DCO_TYPE;
typedef typename DCO_MODE::tape_t DCO_TAPE_TYPE;
size_t n=xv.size();

vector<DCO_TYPE> x(n); DCO_TYPE y;

DCO_MODE: :global_tape=DCO_TAPE_TYPE: :create();
for (size_t i=0;i<n;i++) {
for (size_t j=0;j<n;j++) {

DCO_MODE: : global_tape->register_variable(x[j]);

passive_value(x[j])=xv[j];
derivative(value(x[j]))=0;
}
derivative(value(x[i]))=1;
f(x,y);

DCO_MODE: :global_tape->register_output_variable(y);

yv=passive_value(y);
glil=derivative(value(y));
value(derivative(y))=1;

DCO_MODE: :global_tape->interpret_adjoint () ;

for (size_t j=0;j<n;j++) H[il[jl=derivative(derivative(x[j1));

DCO_MODE: :global_tape->reset();
}
DCO_TAPE_TYPE: :remove (DCO_MODE: : global_tape) ;
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}

int main(int c, char*x v[]) {

assert(c==2); (void)c;
cout.precision(5);
size_t n=atoi(v[1]);
vector<vector<double> > H(n, vector<double>(n));
vector<double> x(n), g(n); double y;
for (size_t i=0;i<n;i++) x[il=cos(double(i));
driver(x,y,g,H);
cout << y << endl;
for (size_t i=0;i<n;i++)

cout << g[i] << endl;
for (size_t i=0;i<n;i++)

for (size_t j=0;j<n;j++)

cout << H[i][j] << endl;

return 0;

}

C.3.4 Second-order Adjoint Mode (Adjoint over Tangent)

#include<iostream>
#include<vector>
#include "dco.hpp"

using namespace std;
using namespace dco;

typedef gals<double> DCO_BASE_MODE;

typedef DCO_BASE_MODE: :type DCO_BASE_TYPE;
typedef gtls<DCO_BASE_TYPE> DCO_MODE;
typedef DCO_MODE: :type DCO_TYPE;

typedef DCO_BASE_MODE: :tape_t DCO_TAPE_TYPE;

#include "../x22.hpp"

template<typename T>
void driver(const vector<T>& xv, T& yv, vector<T>& g,
DCO_BASE_MODE: : global_tape=DCO_TAPE_TYPE: :create() ;
size_t n=xv.size();
vector<DCO_TYPE> x(n),x_in(n);
DCO_TYPE y;
for (size_t i=0;i<n;i++) {
for (size_t j=0;j<n;j++) {
x[j1=xv[j];

vector<vector<T> >& h) {

DCO_BASE_MODE: : global_tape->register_variable(value(x[j]l));

DCO_BASE_MODE: : global_tape->register_variable(derivative (x[j1));

x_in(jl=x[j];
3
value(derivative(x[i]))=1;
£(x,7);

DCO_BASE_MODE: : global_tape->register_output_variable(value(y));

DCO_BASE_MODE: : global_tape->register_output_variable(derivative(y));

derivative(derivative(y))=1;
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DCO_BASE_MODE: : global_tape->interpret_adjoint () ;
for (size_t j=0;j<n;j++)
h[jl[i] = derivative(value(x_in[j]));
DCO_BASE_MODE: : global_tape->reset () ;
glil=value(derivative(y));
}
yv=passive_value(y) ;
DCO_TAPE_TYPE: :remove (DCO_BASE_MODE: : global_tape) ;
}

int main(int c, char*x v[]) {

assert(c==2); (void)c;
cout.precision(5);
size_t n=atoi(v[1]);
vector<vector<double> > H(n, vector<double>(n));
vector<double> x(n), g(n); double y;
for (size_t i=0;i<n;i++) x[il=cos(double(i));
driver(x,y,g,H);
cout << y << endl;
for (size_t i=0;i<n;i++)

cout << gl[i] << endl;
for (size_t i=0;i<n;i++)

for (size_t j=0;j<n;j++)

cout << H[i][j] << endl;

return 0;

}

C.3.5 Second-order Adjoint Mode (Adjoint over Adjoint)

#include<iostream>
#include<vector>
#include "dco.hpp"

using namespace std;
using namespace dco;

typedef gals<double> DCO_BASE_MODE;

typedef DCO_BASE_MODE: :type DCO_BASE_TYPE;
typedef DCO_BASE_MODE: :tape_t DCO_BASE_TAPE_TYPE;
typedef gals<DCO_BASE_TYPE> DCO_MODE;

typedef DCO_MODE: :type DCO_TYPE;

typedef DCO_MODE: :tape_t DCO_TAPE_TYPE;

#include "../x22.hpp"

template<typename T>

void driver(const vector<T>& xv, T& yv, vector<T>& g, vector<vector<T> >& h) {

size_t n=xv.size();
vector<DCO_TYPE> x(n),x_in(n);
DCO_TYPE y;
DCO_BASE_MODE: : global_tape=DCO_BASE_TAPE_TYPE: :create();
DCO_MODE: :global_tape=DCO_TAPE_TYPE: :create();
for (size_t j=0;j<n;j++) {
x[j1=xv[j];
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}

DCO_BASE_MODE: :global_tape->register_variable(value(x[j]));
DCO_MODE: : global_tape->register_variable(x[j]);
x_in[jl=x[j]1;
}
£(x,y);
derivative(y)=1.0;
DCO_BASE_MODE: :global_tape->register_variable(derivative(y));
DCO_MODE: :global_tape->interpret_adjoint();
for (size_t j=0;j<n;j++)
gljl=value(derivative(x_in[j]));
for (size_t i=0;i<n;i++) {
derivative(derivative(x_in[i]))=1;
DCO_BASE_MODE: :global_tape->interpret_adjoint();
for (size_t j=0;j<n;j++)
h[i] [jl=derivative(value(x_in[j]));
DCO_BASE_MODE: : global_tape->zero_adjoints();
}
yv=passive_value(y) ;
DCO_BASE_TAPE_TYPE: :remove (DCO_BASE_MODE: :global_tape) ;
DCO_TAPE_TYPE: : remove (DCO_MODE: : global_tape) ;

int main(int c, char* v[]) {

n a | [——
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assert(c==2); (void)c;
cout.precision(5);
size_t n=atoi(v[1]);
vector<vector<double> > H(n, vector<double>(n));
vector<double> x(n), g(n); double y;
for (size_t i=0;i<n;i++) x[il=cos(double(i));
driver(x,y,g,H);
cout << y << endl;
for (size_t i=0;i<n;i++)

cout << g[i] << endl;
for (size_t i=0;i<n;i++)

for (size_t j=0;j<n;j++)

cout << H[i][j] << endl;

return O;
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dco: :size_of (DCO_TAPE_TYPEx), 65
derivative, 23, 53, 120
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third-order
scalar, 48

casting, 115

nag B ... |RWIH

[ for Computational
2 Engineering



dco/c++ User Guide 183
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